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The Convex (Geometry
and Geometric Analysis Program
MSRI, Spring 1996

During the last ten years the integral geometry of convex bodies has undergone
a dramatic revitalisation, brought about by the introduction of methods, results
and, most importantly, new viewpoints, from probability theory, harmonic anal-
ysis and the geometry of finite-dimensional normed spaces. The principal goal
of this program was to bring together researchers from several different fields,
Classical Convex Geometry, Geometric Functional Analysis, Computational Ge-
ometry and related areas of Harmonic Analysis. The main reason for doing so
was that research in these areas has found considerable overlap in recent years.
Several problems and classes of problems have been come upon independently
from different directions, and techniques from some areas have been found im-
portant in others. This goal was achieved beyond even our most optimistic
expectations.

As well as an introductory workshop, consisting of four lecture series with
an educational format, the program included one full-scale research workshop
and two concentrations of visitors, in addition to the regular activity during
the principal five months. About 190 mathematicians attended the program in
some capacity or other and there were over 150 lectures and seminars during the
period. These were of several types. There was a regular educational seminar,
two or three times a week which enabled participants to become acquainted
with material from other fields. Three or four lectures a week dealt with recent
research by members, and there was a “young research seminar” (roughly once
a week) which gave postdocs and students a chance to describe their work in an
informal atmosphere.

MSRI provided an unique environment in which to bring together such a
group of people. The spectacular scenery served as a fitting backdrop to the
immensely invigorating mathematical atmosphere.

The articles in this collection present recent research in the areas covered by
the program. All this research was either completed at MSRI or presented in

ix
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lectures during the program. The full list of lectures is included in the next few
pages, in order to give some indication of the scope of the program. Since this
volume takes the place of the regular GAFA seminar series for the year 1995-96,
we have also included a list of lectures given in that seminar.

We would like to express our sincere thanks to Silvio Levy for his careful
preparation of the manuscript of these proceedings.

Keith Ball
Vitali Milman



MSRI PROGRAM SEMINARS

Introductory Workshop on Convex Geometry
and Geometric Functional Analysis

The contents of this introductory workshop were published in the form of two
sections, by Ball and Bollobés respectively, in the book Flavors of Geometry,
Silvio Levy (editor), MSRI Publications 31, Cambridge University Press, 1997.

January 29, 1996

K. Ball, Basic notions in convex geometry

January 30, 1996

K. Ball, Fritz John’s theorem

G. Schechtman, The central limit theorem and large deviation inequalities
January 31, 1996

J. Lindenstrauss, Volume ratios and their uses

February 1, 1996

K. Ball, The Brunn—Minkowski theorem

G. Schechtman, Concentration of measure in geometry
February 2, 1996

J. Lindenstrauss, Embedding Euclidean spaces into Iy
February 5, 1996

B. Bollobas, Rapid mixing and volume estimation, part I
K. Ball, Convolutions and volume ratios

February 6, 1996

G. Schechtman, Dvoretzky’s theorem

February 7, 1996

B. Bollobéas, Rapid mixing and volume estimation, part II
K. Ball, The slicing problem (Informal talk)

February 8, 1996

J. Lindenstrauss, Distributing points uniformly on spheres
February 9, 1996

B. Bollobéas, Rapid mixing and volume estimation, part III

Regular Seminars

January 17, 1996
K. Ball, A new lower bound for lattice packing density in high dimensions

February 2, 1996
S. Kwapien, An inductive approach to moment estimates on product spaces
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February 5, 1996

K. Ball, Volume in R™ and its relationship to linear structure (MSRI-UC Berke-
ley Lecture)

February 6, 1996

A. Dembo, Information inequalities and concentration of measure

February 7, 1996

S. Kwapien, An inductive approach to moment inequalities, part 11

February 8, 1996

S. Dar, The isotropic constant of non-symmetric convex bodies

February 12, 1996

D. Klain, Valuations and Hadwiger characterization theorem

G. Schechtman, Alexandrov—Fenchel inequalities, part I

February 13, 1996

S. Szarek, A ‘restricted” Brunn—Minkowski inequality

A. Giannopoulos, On some vector balancing problems

February 14, 1996

G. Schechtman, Alexandrov—Fenchel inequalities, part IT

February 15, 1996

J. Mount, Sampling contingency tables

N Tomczak—Jaegermann, Complexity and higher order Schreier families

February 16, 1996

S. Alesker, Hilbert polynomial and number of points in the sum of finite sets
(after Khovanskii)

Concentration in Infinite Dimensional Convex Geometry

February 20, 1996

N. Kalton, Complements of Sidon sets

E. Odell, Proximity to /; and distortion in asymptotic [; spaces

J. Lindenstrauss, The uniform classification of Banach spaces

B. Randriantoanina, 1-complemented subspaces in complex sequence spaces

N. Randriantoanina, Absolutely summing operators on non-commutative C*-
algebras

M. Girardi, Completely continuous operators

February 21, 1996

P. Wojtaszczyk, Wavelets for Banach spacers

T. Gamelin, Hankel operators on bounded analytic functions

H. Rosenthal, Invariants for differences of bounded semi-continuous functions,
with applications to Banach space theory

S. Dilworth, Differentiability of the Pettis integral and weak and scalar conver-
gence almost everywhere
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A. Koldobsky, The Levy representation of norms and inequalities for Gaussian
expectations

D. Speegle, A construction of indicator function wavelets

P. Habala, A Banach space whose subspaces do not have the GL-property

February 22, 1996

M. Ostrovskii, Classes of Banach spaces stable with respect to the opening

V. Fonf, Countable proximal sets in infinite dimensional Banach spaces

S. Argyros, Convex unconditionality and summability of weakly null sequences
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D. Kutzarova, On some asymptotic l; spaces

M. Robdera, On the analytic complete continuity property

P. Saab, On convolution operators associated with vector measures

S. Saccone, Tight uniform algebras

Regular Seminars

February 26, 1996
J. Lindenstrauss, Zonoids whose polars are zonoids

February 27, 1996

M. Wodzicki, A fresh look at Banach spaces

M. Girardi, Strongly measurable Banach-space valued functions: examples and
results

February 28, 1996
M. Rudelson, Direct construction of majorizing measures

February 29, 1996
J. M. Rojas, Affine space and toric varieties, part II

March 4, 1996
Y. Gordon, Volume computation for quotients of L, spaces and applications

March 5, 1996
R. Schneider, From areas in Minkowski spaces to zonoids
K. Swanepoel, Collapsing conditions for sets of vectors in Mikowski spaces
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March 6, 1996

A. Arias, Pisier’s example of a polynomially bounded operator which is not
similar to a contraction (after G. Pisier)

A. Petrunin, Introduction to Alexandrov spaces

March 8, 1996

V. Milman, Some problems in local theory

E. Grinberg, Microlocal analysis of convex surfaces and Funk’s characterization
of the sphere

Workshop in Random Methods in Convex Geometry

March 11, 1996

V. Milman, Global versus local views in high dimensional convexity

M. Talagrand, A functional point of view for concentration of measure

A. Zee, Universal correlation and other results in random matrix theory

B. Bollobas, Random partial orders

S. Szarek, Komlos conjecture, Sidak’s inequality and local Lovasz lemma

S. Alesker, Integrals of analytic and smooth functions over Minkowski sum of
convex bodies

R. Latala, Estimates of moments of sums of independent real random variables

March 12, 1996

R. Kannan, Logarithmic Sobolev inequalities and geometric random walks

M. Simonovits, Randomized volume algorithms

H. Konig, Isometric embeddings of Euclidean spaces into llﬂv spaces and cubature
formulas on spheres

M. Junge, Mixed volumes for I, sums of convex bodies

A. Tsolomitis, Limiting convolution bodies

M. Schmiickenschlager, Hu’s inequality

J. Wenzel, Sequences of ideal norms and the UMD-property

March 13, 1996

R. Schneider, Determination of convex bodies from projection functions

J. Pach, On uniformly distributed distances — a geometric application of Jan-
son’s inequality

M. Rudelson, Contact points and applications

B. Bollobds, Volume estimates and rapid mixing (MSRI-UC Berkeley Lecture)

March 14, 1996

I. Barany, Affine perimeter and limit shape

W. Banaszczyk, The width of lattice-point-free convex bodies

P. Mankiewicz, Groups of operators acting on random quotients of /1"
A. Giannopoulos, Low M™* estimates for coordinate subspaces
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S. Dar, Slicing problem for trace classes
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Integrals of Smooth and Analytic Functions over
Minkowski’s Sums of Convex Sets

SEMYON ALESKER

1. Introduction and Statement of Main Results

Let K = (K1, Ks,...,K,) be an s-tuple of compact convex subsets of R".
For any continuous function F' : R™ — C, consider the function

MgF : RS — C,where RS = {(A1,...,\) | A; > 0},
defined by
(MgF)Oh,e 0 = [ F(z) d. (+)
s oMK

i=1
This defines an operator Mz, which we will call a Minkowski operator. Denote
by A(C™) the Frechet space of entire functions in n variables with the usual
topology of the uniform convergence on compact sets in C™, and C"(R™) the
Frechet space of r times differentiable functions on R™ with the topology of the
uniform convergence on compact sets in R™ of all partial derivatives up to the
order r (1 <r < 00).
The main results of this work are Theorems 1 and 3 below.

THEOREM 1.

() If F € A(C™), then MgF has a (unique) extension to an entire function
on C*® and defines a continuous operator from A(C™) to A(C*) (see Theorem 3
below).

(n) If F € C"(R™), then Mg F € C"(R?.) (it is smooth up to the boundary) and
again Mg defines a continuous operator from C™(R™) to C™(R?.).

COROLLARY 2. If F is a polynomial of degree d, then M F is a polynomial of
degree at most d + n.

Indeed, we can assume F' to be homogeneous of degree d. Then My is an entire
function, which is homogeneous of degree d + n, hence it is a polynomial.

In fact, this corollary is well known and it is a particular case of the Pukhlikov—
Khovanskii Theorem ([P-Kh]; see another proof below).

1



2 SEMYON ALESKER

THEOREM 3. Assume that a sequence F™) € A(C™) (or C™(R™), respectively),
m € N 14s such that

F™ — F in A(C") (or C"(R™)).

Let Ki(m), K;,i=1,2,...,8, m €N be conver compact sets in R™, and suppose
Ki(m) — K in the Hausdorff metric for everyi=1,...,s. Then

Mg F™ — Mg F

in A(C®) (or C"(R%)).

REMARKS. 1. It follows from Theorem 1 that, if K is a compact convex set, D is
the standard Euclidean ball and -, is the standard Gaussian measure in R™, then
(K + ¢-D) is an entire function of € and the coefficients of the corresponding
power expansion are rotation invariant continuous valuations on the family of
compact convex sets (see the related definitions in Section 4).

2. There is a different simpler proof of Theorem 1 in the case when all the K;
are convex polytopes. However, the standard approximation argument cannot
be applied automatically, since Theorem 3 on the continuity does not follow from
that simpler construction even for polytopes.

In Section 4 we present another proof of the Pukhlikov-Khovanskii Theorem.

2. Preliminaries

Before proving these theorems, let us recall some facts, which are probably
quite classical, but we will follow Gromov’s work [G] (see also [R]).
A function f: R™ — R is called convex if for all z,y € R™ and u € [0, 1],

flpr + (1 = p)y) < pf(x) + (1 - p) f(y);

f is called strictly convex if

flpr+ (1 —py) < pf(x)+ (1 —pw)fly)

whenever x # y and u € (0, 1). Define a Legendre transform of the convex
function f (which is also called a conjugate function of f)

Lf(y) := sup ((y,z) — f(x)).
zER™
Then Lf is a convex function and —oco < Lf < 400 . A set Ky := {y € R" |
Lf(y) < +oo} is called the effective domain of Lf. Obviously, Ky is a convex
set. For any convex set K, we will denote the relative interior of K by Int K.
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LEMMA 4.

(1) Let f:R™ — R be a strictly conver C?*-function. Then Ky is a convex set
and the gradient map Vf : R™ — R"™ is a one-to-one map of R"™ onto Int K.
(w) If f1, f2 are as in (1), then for all Ay, Ay > 0,

Im(V(A1fi + Aaf2)) = A Im(V f1) + A Im(V f2).

PROOF. (2) The injectivity of V f immediately follows from the strict convexity
of f.

For any xg,x € R",
f(x) = f(zo) + (Vf(z0), x — x0).

Hence Lf(Vf(z)) = (Vf(x0),x0) — f(x0) < 0o and Im(V f) C K. In order to
check that Im(V f) C Int K, let us choose any a € 0Ky and assume that there
exists b € R™ such that Vf(b) = a. Without loss of generality, one may assume
that a =0 =b and f(0) =0. Then f(x) > 0 for all z € R™.

Since K is convex and 0 € 9K, one can find a unit vector u € R™ such that
Au & Ky for all A > 0. Consider a new convex function on R!

o(t) == inf {f(y +tu) [y L u}.
Clearly, ¢(t) > 0 everywhere and ¢(0) = 0.

Case 1. Assume that there exists ¢y > 0 such that ¢(t9) > 0. Then, by the
convexity of ¢, ¢(t) > %f)“)t for t > tg and for t < 0. Hence

oY L g {80
- t

to 0

L¢( t-¢(t>(te[o,to}}<oo.

But for the Legendre transform of f, one has

Lf(%?)u) = zseuﬂg ((¢(tzo>u, m) — f(x))
= sup <<¢(t0)u, su—i—y) — f(su—l—y))

seR,ylu tO

= §2§ (qb(to)s — d)(s)) = L(b(@) < 00

to 0

Thus 20)y, € K¢, and this contradicts the choice of w.

to

Case 2. Assume that ¢(t) = 0 for allt > 0. Let us show that this case is
impossible ( this will finish the proof of part (z) of Lemma 4 ). It would follow
from the fact that f(z) — o0 as z — 0.

If the last statement is false, then there exists a sequence of vectors x — oo
such that |f(zg)] < C (where C is some constant ). Passing to a subsequence,
we may assume that
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where | - | denotes the Euclidean norm in R™. Since f is strictly convex, f(0) =
0 and Vf(0) = 0 by assumption, then f(u) > 0. Also, for all z € R™,

f(@) = f(u) + (Vf(u), 2 —u).
Substituting x = 0 or x = x, we obtain
(Vf(u), u) > f(u) >0,

flar) = fu) + (Vf(w), z = u).

The last inequality can be rewritten

Fan) > £ = (V1) 0 + o] (V00 25 ).

But (Vf(u), ‘;—’;l) — (Vf(u), u) > 0, hence f(zp) — oo, which contradicts
our assumptions.

(2) Under conditions of the lemma A; f1 + Aa fo is also a strictly convex func-
tion. By the part (2),

Im(Vf;) =Int Ky, fori=1,2.
Then easily

Im()\1Vf1 + )\QVfQ) C A Int Kfl + Ao Int Kf2 C

Int()‘lKﬁ + /\2Kf2) C Int(KA1f1+/\2f2) = Im(v()‘lfl + /\2f2))
Hence all the sets in the above sequence of inclusions coincide. O

LEMMA 5. [G] Let K C R™ be an open bounded convex set, let y be the Lebesgue
measure in R™. Define

f(x) = log /K exp(z, y) du(y). (1)

Then f is a strictly convex C*°-function and Im(Vf) = K.

Now let K;, 1 < i < s be compact convex subsets of R™. For every ¢, fix a point
a; € K;. Let p; denote (dim K;)-dimensional Lebesgue measure supported on
span(K; — a;). Define

fix) = (x, a;) + /K., ‘eXp(os, y) dpi(y).

For every i, f;(x) depends only on the orthogonal projection of z on span(K;—a;).
Moreover, f; is a convex function on R™ and strictly convex on span(K; — a;).
Then it is easy to see that Ky, C a; + span(K; —a;). Thus, by Lemmas 5 and 4,

ImVf; =Int K; = Int Ky,.
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COROLLARY 6. Let K;, f;;, 1 <i<s be as above, \; > 0. Then
Im<V<Z>\ifi>> => ANIntK;.
i=1 i=1

Proor. It is sufficient to consider all A; = 1. Set L := span (Zl(Kz - a,-)).

Without loss of generality, we may assume that L = R™. Then obviously the
function f := )" f; is strictly convex on R"™, and by Lemma 4, InV f = Int K
is an open and convex set. Clearly,

ImVfCY ImVf=> K=Y IntKy :Int(ZKfi)

(the last equality holds for general convex bounded subsets of R™). One can
easily see that ) Ky, C Ky, hence

ImVfCY IntK; CIntK;=ImVf. O

3. Proofs of Theorems 1 and 3

PROOF OF THEOREM 1. For every Kj;, choose f; : R™ — R as above. Then
V= (8f Lo s ), and the Jacobian of the gradient map equals the Hessian

0y1 > Oyn
of fia )
a fz n
aypayq p,q=1

which is a non-negative definite matrix, since f; is convex.

We have for \; > 0,

/Z - F(x)dx = /R F(Z /\Nfi(y)) det (H(Z )\Z-fi(y)>> dy.  (2)

Write for simplicity H;(y) = H(f;(y)), so that the last expression is

/Rn F(Z Aiji(Z/)) det <Z >\¢Hi(y)> dy
= 3 A /nF(ZAivfi(y)) D(H,(y), ..., Hy, () dy,  (3)

where D(Hj, (y), ..., Hj;,(y)) denotes the mixed discriminant of non-negative
definite symmetric matrices Hj, (y),..., H;, (y). But it is well known that the
mixed discriminant of such matrices is nonnegative (see, e.g., [Al]).

Let us substitute F =1 into (2). We obtain

vol(Z AJQ) = Z Aji -+ A /Rn D(Hj, (y), ..., Hj,(y)) dy.
J1s--5dn

Hence [, D(Hj,(y), ..., H;,(y))dy = V(Kj,,...,Kj,) (the right hand side de-
notes the mixed volume of Kj,,..., Kj ; see, e.g., [B-Z], [Sch]).



6 SEMYON ALESKER

Observe that the integrand in (3) makes sense also for A; < 0, if F' € C"(R"™)
and for all complex \;, if FF € A(C™). We only have to check the convergence of
the integral for such A; and its convergence after taking partial derivatives with
respect to A;. Then Theorem 1 (2) and(22) will be proved.

Let us show that for the integral in (3), and the same proof works for the
partial derivatives with respect to the A;.

Since Im(V f;) C K;, there exists a constant C, such that |3 AV fi(y)]| <
C-> |\ for all y € R™, where ||-]| is some norm in C™ (or in R™). By the
continuity of F, F(} AV f;) is bounded by some constant K(R) if Y |A\;] <
R and y € R™. Hence

/ [F(S MY F ) D(H;, (), H, (4)] dy

< K(R) - D(Hj, (y),- - Hj, (y)) dy

=KR)V(K;,... ,K;)<oco. O

REMARK. We have actually shown that, if FF € C"(R"™), then the equality
(2) gives us a smooth extension of Mg F'(A1...,\,) from RY to R®. It turns
out that this extension is natural in some sense, i.e. it does not depend on
the choice of the functions f;. Indeed, assume that we have two such exten-
sions Mg F and ML F corresponding to f; and f;. Choose a sequence of poly-
nomials {P,,} approximating F' uniformly on compact sets in R™. Then for
corresponding extensions, we have Mg P, — MgF and M P, — MF
uniformly on compact sets in R®. By Corollary 2, Mg P,, and M }?Pm are poly-
nomials and since they coincide on R, they coincide everywhere on R®. Hence
Mg Py = M Py, on R® and Mg F = M7 F.

PROOF OF THEOREM 3. Step 1. It is sufficient to prove the continuity of
Mg F separately with respect to F' and K = (K,..., K,), because MgF =
M(F;Ky,...,K,) can be considered as a map M : L; x X° — Lo, where L,
and Lo are Frechet spaces, L1 = A(C™) or C"(R"™), Ly = A(C?®) or C"(R?), and
X is the space of compact convex subsets of R™ with the Hausdorff metric. Since
M is linear with respect to the first argument F' € Ly, and X? is locally compact
(by the Blaschke’s selection theorem), then M is continuous as a function of two
arguments ( it is an easy and well known consequence of the Banach—Steinhaus
theorem, which says that if L, Lo are Frechet spaces, T is a locally compact
topological space and M : Ly x T — Lo is linear with respect to the first
argument and continuous with respect to each argument separately, then M is
continuous as a function of two variables).

Step 2. Let Ki,..., K, be fixed, F(™) — F. Using formula (2) and simple
estimates as in the proof of Theorem 1, one can easily see that MzF (™) —
MgF.
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Step 3. Now suppose F' € A(C™) (respectively, C"(R™)) is fixed, Ki(m) —
K;asm — oo foralli=1,...,s. Let us choose agm) € KZ-(m), a; € K;. Define

£0) = (o) +10g | explay) du(a),

1M () = (@™, @) + log /K<m> ., exp(@,y)du™ (),

where p;, ,ul(.m) are measures as in the discussion after Lemma 5 with K, Ki(m)

instead of K. By (3), Mgy F(A1,...,As) =
> A [ F(SAVA @) DU ) H ) dy
and MgF (A, ..., \s) =

3 e [ (VAW DU ). . H, (1) dy.

Since all K;, K l-(m) are uniformly bounded, there exists a large Euclidean ball
U containing all these sets. As in the proof of Theorem 1, if > |A;| < R, then

Mg FA,... 2 < Y R" max |F(r)| V(K™ K™)
J1yeeesdn
< F(z " vol(U
< (py IP@N)-( 32 o)

< K(R): max [F(2)],

where K (R) is some constant depending on R.

The same estimate holds for Mz F'. Hence, for every € > 0, one can choose a
polynomial P. approximating F' on the set R-U, such that for all i, m, A\; with
>l < R we have

|MR(m)(F_PE)(A17 ,)\5)| <e, (5)

Mg (F — P)( A1y .., A)| < e (6)
But by Corollary 2, the degrees of Mz ) P. and Mg P, are independent of m.
Obviously, by the definition () in the Introduction, M g m) P- converges to Mz P.
uniformly on compact sets in the non-negative orthant R%. Hence because of
the boundedness of their degrees, Mz m) P. — Mg P. in R® (respectively, C#).
This and (5) and (6) imply that, for large m,

|MR(W)F(A17"'5AS) 7MKF()‘155)‘9)| < 3e

whenever > |A;| < R.
A similar argument can be applied to prove uniform convergence of partial
derivatives of Mz F on compact sets. O
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4. Polynomial Valuations

We are now going to present another proof of the Pukhlikov—Khovanskii The-
orem. They introduced in [P-Kh]| the notion of the polynomial valuation, gener-
alizing the classical translation invariant and translation covariant valuations.

Let A be an additive subgroup of R™. Denote by P(A) the set of all polytopes
with vertices in A. We will assume that span A = R™.

DEFINITION. (a) A function ¢ : P(A) — R is called a valuation, if for all
Py, P, € P(A), such that P, U Py and P; N P, belong to P(A) we have

d(PLUPy) + ¢(PL N Py) = ¢(Py) + ¢(P). (7)

(b) The valuation ¢ is called fully additive if, for every finite family of polytopes
Py, ..., P in P(A) such that the intersection (1,
set ¢ C {1...k} and their union Ule P; lie in P(A), the following equation
holds:

P; over every nonempty sub-

k
o(Ur)= X ue(Or), 5)
i=1 oC{l,....k}, o #£> i€o

where |o| is the cardinality of o.

Obviously, for k = 2, (8) is equivalent to (7). We will consider only fully
additive valuations; however it is true that, if A = R"™, then every valuation on
P(A) is fully additive (see [V], [P-S] ). But it is not known to the author whether
this holds in the general case. In the definitions (a) and (b) one can replace P(A)
by the set of all convex compact sets K. If ¢ is continuous with respect to the
Hausdorff metric on X, then (a) implies (b) [Gr].

(¢) The valuation ¢ : P(A) — R is called polynomial of degree at most d,
if for every fixed K € P(A), ¢(K + x) is a polynomial of degree at most d with
respect to x € A.

ExXAMPLES. 1. Let p be any signed locally finite measure on R™. Then ¢(K) :=
w(K) is a fully additive valuation.

2. The mixed volume
¢(K) = V(K[]]7 A17 .. aA'rL—j)a

where K[j] means that K occurs j times, and A; are fixed convex compact sets,
is known to be a fully additive translation invariant continuous valuation.

3. Let A =Z"™ C R"™ be an integer lattice, and let f be a polynomial of degree d.
Then for K € P(A),
$(K):= Y fla)
ceEKNZ™

is a fully additive polynomial valuation of degree d.
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4. Let A = Z™, let Q be a subset of R™, which is invariant with respect to
translations to vectors in Z™, and let K and f be as in example 3. Then ¢(K) :=
Jrcnq f(x) dz is also a fully additive polynomial valuation of degree d.

For more information about valuations, especially those which are translation
invariant and translation covariant, see the surveys [Mc-Sch] and [Mc2].

THEOREM 6. [P-Kh] Let ¢ : P(A) — R be a fully additive polynomial valuation
of degree d. Fix Kq,...,Ks € P(A). Then ¢(Zz )\iKi) is a polynomial in
Ni € Z4 of degree at most d + n. Moreover, if Q-P(A) = P(A), then it is a
polynomial in \; € Q.

REMARK. For translation invariant valuations this theorem was proved in [Mcl],
and our proof uses some constructions of that work.

LEMMA 7. (Well known; see, e.g., [GKZ, p. 215].) Let P C R™ be a polytope.
Then there exists a family of k-simplices {Sq} 0 < k <mn, such that

()P = Unes Sa

(1) each vertex of each S, is a vertex of P;

(12) every two Sg and S, intersect in a common face;

(w) for all 3 and v, Sg(1Sy € {Satacr-

LEMMA 8. Let Ky,..., Ky be polytopes in R™. Then for all \; > 0,1 < i < s,
the set K(X\) ==Y, \; K has a decomposition

\) = U Sa(j‘)a

acl

a€cl”

where S () are polytopes (not necessarily simplices) such that
() they satisfy (1) — (w) in Lemma T,
(u) if for some A%, \? >0, and o, 8,7 € I, S, (;\ )N S5(A%) = S, (X), then for
all A\ = (\;), \i > 0 we have S,(N) N Sg(A) = S, (N);
(12) each So()\) has the form
\) = Z AiSia

where S; o are simplices with vertices in K;, independent ofj\ and dim SQ(S\) =
>, dim(A;S; o) (note that dim(X\;S; o) = dim S; o for A; > 0).

PrROOF. Because of the homogeneity it is sufficient to prove the lemma only for
Ai >0, > X\ = 1. Consider in R®* & R™ a convex polytope

P = {(:U’la'“nus;x) ‘ i > 07 ZMZ = 1’ T € ZM’LK’L}
i=1 i
Now apply Lemma 7 to P = J,, Sa. Set

Sa(A) i= Sa N {(p1, -, ps; @) | s = N for all 4} .
One can easily check that S, ()) satisfy all the properties in Lemma 8. ]
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LEMMA 9. Let P € P(A). Then ¢(N-P) is a polynomial in N € Z of degree
at most d + n.
PRrOOF. By Lemma 7, P = (J,c; Sa, where the S, are simplices. Hence
ON-P) = ) <—1)“¢><N- (N S))
oCl,c#9 aco

But for fixed o, there exists v € I such that [ ., So = S,. So we have to show
that for every simplex A € P(A), ¢(N-A) is a polynomial of degree at most
d+n.

Fix A and write £k = dim A. The proof will be by induction in k. If £ = 0,
then A = {v} is a point and ¢(N-{v}) = ¢({0} + Nv) is a polynomial of degree
at most d by the definition of the polynomial valuation.

Let £ > 0. For simplicity of notation we will assume that £k = n. In an
appropriate coordinate system A has the form A = a + A, where a € R”,
A={(x1,...,2,) | 0< 21 <... <, <1}. Thus

N-A:{(xl,...,xn) |0<a; <...<z, <N}.

N-A can be represented as a disjoint union

NA = U ((z+Q)m(N.A)) U @v-a, 9)

2€Z7"N((N—1)-A)
where Q := {(x1,...,2,) | 0 < z; < 1 for all i} and
A ={(z1,...,20) | 0< 1 < ... <21 < 1, = 1}.

Of course, (z + Q) N (N-A) is not a compact polytope, so ¢ is not defined on
it. But we can define ¢ on this set in the following natural way. First, for
7 C{L,...,n}, denote F; :=

{1, ..., 2n) |0<a; <1forallie{l,...,n}, and z; =1 forall j € 7}

Clearly, F; is an (n — |7|)-dimensional face of the unit cube [0, 1]”. Now define

o(E+QNIN-A) = > (0o (G+F)N(V-A)).

7C{Lm}

Since in (9) we have a disjoint union,

O(N-A) = ¢(N-a+ N-A') + 3 ¢(N.a+(z+Q)mN-A). (10)

2€Z"N((N—1)-A)
Every z € Z" N ((N — I)A) has the form z = (z;)"_,, where
2= =2y <ZJ1+1::ZJ2 < v <Zj171+1 = =2y SN_]_’ (1]_)

and j; = n.
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SethI‘lSZ.SjS’I’L,TiJ =
{(z1,...,20) |0<2; <z <...<z;<land zy=0for i <iorl>j}.

For a sequence 0 < j; < --- < ji—1 < n, denote (as in [Mcl] ) Tj, ., , =
Toj, + -+ Ti—1,n. Now let Ty, 5, =T}, 5_, NQ. So if z belongs to Z™ N
(N —1)-A and satisfies (11), then obviously (z + Q) N N-A = 2z + Tj,_j,_, -

Define Sj,..;, ,(N) = {z € Z" | z satisfies (11) }. Then (10) can be rewritten:
#(N-A)=p(N-a+ N-A")

* > < > ¢(N'G+Z+Tj1...jl_1))- (12)
z€S;

0<j1<<jj—1<n 1dpy (V)

By the inductive hypothesis, ¢(N-a + N-A’) is a polynomial in N € Z of
degree at most d +n. Now fix 0 < j; < -+ < j;—1 < n. Then ¢(z + le---jl—l)
is a polynomial in x of degree at most d, let us denote it g(z). It is sufficient to
show that ) (v) 4(N-a + z) is a polynomial in N € Z. of degree at
most d + n.

We can write ¢(N-a + z) = Zf:o N'q(z), where q;(z) is a polynomial of
degree at most d —t. Recall that for any z € Sj,. ;_,(N)andm =1,...1 -1,
Zja4l = oo = Zj,. S0 set wpy, = z;,,. Wehave 0 <w; <we < ... <wy <
N — 1. Actually, ¢(z) is a polynomial in the vector w = (w1, ...,w;) € Rl We
will show that

2€8j1 .44

V) = 3 a:(w)

0wy <wz < <w;<N-—1
is a polynomial in N € Z of degree at most deg ¢; +1 (note that, if N <[—1 the
sum is extended over an empty set and for such an N, we just define f(N) := 0).
This and (12) will imply that ¢(N-A) is a polynomial of degree at most d + n.
In order to prove that f(V) is a polynomial of degree g, it is sufficient to show
that f(N + 1) — f(N) is a polynomial of degree g — 1.
Let us apply induction in [. If [ =1,

FIN +1) = f(N) = qu(N) for N >0, (13)

and the lemma follows.
Assume that [ > 0. We have

JIN+1) = f(N) = > a(w).
0wy < <wy—1 <wy=N
We may assume ¢; to be a monomial ¢;(w) = wi™" ... w;", oj > 0. Hence
f(N+1) = f(N) = N~ > w L w
0<w < <wj—1<N-1

By the inductive hypothesis, the last sum is a polynomial of degree at most
-1+ Z’f_l aj. Hence f(N) is a polynomial of degree at most [ + Y | aj. O
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PROOF OF THEOREM 6. Using the same notation as previously, we have to show
that ¢(K())) is a polynomial in \; € Z of degree at most d + n. By Lemma 8
and the full additivity of ¢,

S(K (X)) = ¢< U Sa(ﬂ)> = ) (—1)”“¢< N Sﬁ(j‘)>~

aecl oCl,oc#2 peo

Fix some ¢ C I,0 # @. By Lemma 8 (1) there exists v € I, such that
Nseo Ss(A\) = S, (X) for every vector A with nonnegative coordinates.

So it is sufficient to show that for any -, ¢(S,())) is a polynomial. But
Sy(A) =371 Xi-Sy,; as in Lemma 8 (u1).

Suppose that for 1 < ¢ < p,dimS,; > 0 and for 7 > p, dimS,; = 0, i.e.
S.,i = {vi} is a point for ¢ > p.

Define A; := S,; — vy4, where v,; is some vertex of S,;. So S,y(;\) =
S N+ Y Nvy > isp Aitti. By Lemma 8 (12),

dim S, (A) = dim(\;A,).

This implies that > A\;A; is, in fact, a direct sum of the A\;A;. So we have to

check that l
fb(@(xm) + wa)

i=1 j=1
is a polynomial in \;, u; € Z4 of degree at most d + n, where the u; are fixed
integer vectors.

Let L; = @j;i spanAj, Ly = spanA,. For any polytopes Ki, Ko, K; C
L;, i = 1,2, consider the polynomial ¢(K; & Ko + x), which we will denote by
Wk, ek, (x). Obviously, all the previous definitions of the valuation and the
polynomial valuation can be formulated not only for the real valued functions
on P(A), but also for the vector valued functions with values in a linear space
(and even in an abelian semigroup). The proofs of all the previous lemmas of
Section 4 will work without any change.

Then obviously Wik, ek, () is a fully additive polynomial valuation with re-
spect to each argument K, and K, with values in the linear space of polynomials
in  (here we use the fact that the sum of K7 and K is direct). Hence by Lemma
9 (applied in the vector valued case), Wk, gan. Kk, (x) is a polynomial in N (at
the moment we are not interested in its degree). In particular, this implies that
¢(K1 ® N-Ky + x) is a polynomial in N and z, where N € Z,, x € A. Then
obviously if we decompose Wk, g n .k, With respect to the powers in N, then its
coefficients will be polynomial valued fully additive polynomial valuations with
respect to K (now K» is fixed). Applying an inductive argument in s, we see

that l
¢<@()\iAi) +Zujuj> (14)

i=1 j=1
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is a polynomial in A, pt; € Z .
Let us estimate its degree. If A\; and p; are fixed,

s l
¢<@(t'>\iﬁi) + Zt-,ujuj>
i=1 j=1

is a polynomial in t € Z, of degree at most d+n by Lemma 9. Hence the degree
of (14) cannot be bigger than d 4 n.

Now consider the case Q- fP( ) = P(A). Let Ky,...,K; € P(A). For
any natural number m, gb(z _ % ) is a polynomial in A\; € Z, hence
gb(z,f:l )\iKi) is a polynomial in )\ € % -Z 4 for any m € N. Consequently, it is
a polynomial in \; € Q. O

REMARKS. 1. The valuation ¢ can be defined not only on polytopes, but on
the family of all convex compact sets. If ¢ is continuous with respect to the
Hausdorff metric, then it is called a continuous valuation (this implies its full
additivity, see [Gr] ). If a continuous valuation is polynomial of degree at most
d, then for all convex compact sets K1, ..., Ky, the function ¢(>, \iK;) is a
polynomial in A; € R of degree at most d+n. This can be deduced immediately
from Theorem 6 using approximation by polytopes.

2. We would like to recall here some results in the same spirit due to Khovanskii
[Kh1, Kh2].

Let A and B be finite subsets of an abelian semigroup G. Denote by N x A
the sum of IV copies of the set A. Let x : G — C be a multiplicative character,
ie. x(x+y) = x(x) x(y). Let f(N) denote the sum of values of the character
x over all elements of the set B + N * A.

THEOREM 10. [Kh2] For sufficiently large N, the function f(N) is a quasi-
polynomial in N, i.e. for large N, the function f(N) = Y. ¢ Pi(N), where ¢
are values of the character x on the set A, and P; are polynomials of degree
strictly less than the number of points in A, in which the value of x is equal
to q;.

Now let A and B be finite subsets of an abelian group G. Denote by G(A) the
subgroup of the group G cousisting of the elements of the form Y n;a;, where
a; € G,n; € Z and Y .n; = 0. Now take x = 1, then f(N) is equal to the
cardinality of the set B+ N *x A .

THEOREM 11. [Kh1] Let G be the lattice Z™ C R™ and assume that G(A) = Z™.
Then for large N, the function f(N) is a polynomial of degree at most n and the
coefficient of N™ is equal to the volume of the convex hull of A.

The methods of [Kh1] and [Kh2] in fact imply the following more general versions
of these theorems:
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THEOREM 10’. Let G and x be as in Theorem 10, and let B, A1, ..., A, be finite
subsets of G. Let f(Ny,...,Ns) be the sum of values of the character x over all
the elements of the set B+ N1+ Ay +---+ Ny*x Ag. Then if all the N;, 1 <i<'s,
are sufficiently large, f(N1,...,Ns) is a quasi-polynomial.

THEOREM 117, Let B, A;, 1 < i < s be finite subsets of the lattice Z™ C R™ and
G(U AZ-) =7". Then, if all the N;, 1 <1i < s are sufficiently large, the cardinal-
ity of Y. N; * A; is a polynomial of degree at most n, whose homogeneous compo-
nent of degree n is equal to the polynomial vol (N7 - conv Ay + - -+ Ny- conv Ay).

As we were informed by Prof. Khovanskii, these facts were known to him (un-
published).
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Localization Technique on the Sphere and the
Gromov—Milman Theorem on the Concentration
Phenomenon on Uniformly Convex Sphere

SEMYON ALESKER

ABSTRACT. We give a simpler proof of the Gromov-Milman theorem on
concentration phenomenon on uniformly convex sphere. We also outline
Rohlin’s theory of measurable partitions used in the proof.

The purpose of this note is to present a localization technique for the sphere S™
on an example of the Gromov—Milman theorem [Gr-M] about the concentration
phenomenon on uniformly convex spheres. This result was obtained in [Gr-M] in
a some more general setting. Our approach follows the same general reasoning,
but is simpler and more direct than the original approach. We also outline
Rohlin’s theory of measurable partitions, which is used in the proof. Note that
the terminology of “localization” was introduced for R™ by L. Lovasz and M.
Simonovits [L-S1, L-S2]. [Gr-M] did not use such terminology and also did not
put the scheme of localization explicitly.

NotEe. K. Ball has informed us recently that he, jointly with R. Villa, found
an extremely short proof of the Gromov—Milman theorem for uniformly convex
sphere as an application of the Prekopa—Leindler inequality (see, e.g., [P]).

1. Related Definitions and Formulation of the
Gromov—Milman Theorem

DEFINITION 1.1. Let us say that a finite dimensional normed space X =
(R™*1,||-]) has modulus of convexity at least §(g) > 0 for € > 0, if for all vectors
z,y € X such that ||z = |ly| =1 and ||z — y|| > & we have || Z3¥[| <1 —4(e).

We may assume 0(g) to be a monotone increasing function of positive e.
Denote by K(X) := {x € X : ||z|| < 1} the unit ball of X and by S(X) :={z €
X : ||z|| = 1} the unit sphere of X.
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18 SEMYON ALESKER

For any subset A C S(X), let us denote A := Uo<t<1t-A. Now define
a probability measure i on S(X) induced by the standard Lebesgue measure
vol,,1 on R™*! : for any Borel subset A C S(X), let

fi(A) = vol, 11 (A)/ vol, 11 K(X).
We will prove the following theorem, due to Gromov and Milman [Gr-M].

THEOREM 1.1. Let 6(¢) be the modulus of convexity of the normed (n + 1)-
dimensional space X and let [i be the probability measure on S(X) as above.
Then, for every Borel set A C S(X) such that i(A) > %, and every ¢ > 0,

fi(Ac) 2 1 — exp(—a(e)n),

where A := {x € S(X) : dist(z, A) < e}, dist(x, A) := infyca ||z —yl, ale) :=
5((/8) — 0,,), where 0, is such that §(0,) = 1 — (1/2)1/ (=1 ~ loa2,

n—

2. Rohlin’s Theory

Following [Gr-M], we will use some results of Rohlin’s theory [R]. Let (M, Q,,, v)
be a complete measure space, i.e. M is a set, €, is a o-algebra of subsets of M,
and v is a complete probability measure on €2,,.

Let ¢ be some partition of M into pairwise disjoint subsets, whose union is
equal to M.

DEFINITION 2.1. A partition ¢ of M is called measurable, if there exists a count-
able family ¥ = {5,}22; of measurable subsets of M such that each element
C € (¢ has the form C' = (._; R, where for all « either R, = S, or Ry = S,
where S, denotes the complement of S,.

Obviously, each element of a measurable partition is measurable.

Denote by H¢ the canonical homomorphism from M onto the factor set M/(.
Then M /¢ turns out to be a complete measure space, if we introduce a measure v,
by setting a subset X C M/ to be measurable in M/( iff HC_I (X) is measurable
in M and v¢(X) :== V(Hc_l(X)).

We will need the following theorem due to Rohlin:

THEOREM 2.2 [R] Let M be a metric separable complete space, v be a complete
Borel probability measure on M and { be a measurable partition of M generated
by a countable family ¥ = {S,}32, (in the sense of Definition 2.1). Then there
exists a canonical family of complete Borel probability measures {vc}cecajc on
M satisfying these conditions:

(1) Forvc-a.e. element C € M/(, v is concentrated on C C M, i.e. vo(C) =1
(here we denote both the element C' of M/( and its preimage H{l(C) in M
by the same letter C).

(2) For every v-measurable subset A C M, vc(A) is a ve-measurable function
of C € M/¢ and
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(3) v(A) = fM/C ve(ANC)dv:(C).

(4) The canonical family {vc} is unique, i.e. if {vj} satisfies (1)—(3), then
ve = vg for ve-ae. C.

(5) Furthermore, the family X', which is an image of ¥ under H¢, generates the
o-algebra of ve-measurable subsets of M/(.

COROLLARY 2.3. Let M,v,( be as in Theorem 2.2. Let f € Li(M,v) be an
integrable function.
Then the integral fM fdve = fC fdve is ave- integrable function of C € M/

and
/M fdv = /M/C ( /C fduc) dve (0).

PROOF (standard). This corollary is obvious for the step functions. In general,
we may assume f > 0.
For k,j € NU {0}, define

] . + 1
Ag; ::{mEMzgkgf(x)<mm <j2k,k>}

(obviously, Ay; = @ for j > k2F) and

oo .
J
fk: = Z QTXA}W"
j=0

where x4,, are characteristic functions of Ag;. Clearly, fi are step functions,
0 < fi(z) < f(x) for every & € M, the sequence {fx(z)}ren is nondecreasing,
and fr — f everywhere on M and in L;(M,v). For f;, we have:

/M/C (/C Tk duc) dve(C) = /M frodv < /Mfdy'

Set ¢ (C) = [ frdve. Tt is well defined for ve-a.e. C' € M/¢. Clearly, {¢1(C)}
is nondecreasing and supy, fM/C or(C) dve(C) < const < co.

Hence by B. Levy’s theorem {¢x} converges v¢-a.e. and in Ly (M/C,v¢) to
some function ¢(C) € L1 (M/¢,v¢), and ¢5(C) < ¢(C). Then for ve-a.e. C,

/C fdve = lim /C fedve = $(C)

again, by B. Levy’s theorem applied to the measure v¢.
Thus we obtain

— C — i
Ju Lrme) = ocrme=m [ ([ save) o

= lim/ fde:/ fdv. O
k—o0 M M
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If the partition ( is generated by the family ¥ = {S,}32 ;, denote by Fy a finite
(0 -) algebra of sets generated by {S,}N_,, and let Fy be its image in M /¢ under
H:. So FiCcFoC---CFyC - Let g'oo be the minimal complete o-algebra
containing | J7; Fy. By Theorem 2.2 (5), Fo coincides with the o-algebra of
vc-measurable subsets of M/(.

For every element C € M /¢ and every N € N, denote by ®x(C) the unique
minimal element of Fy, which contains C (clearly, ®x(C) = He(NA_; Ra),
where R, = S, or S,). Denote its preimage in M by ®x(C).

COROLLARY 2.4. Let M, v, ¢, f be as in Corollary 2.3. Then, for vc-a.e. C €

M/C?
1

dve = lim 7/ dv.
=N L@ ) Sonier

PrROOF. The function ¢(C) = fcfduc is F-measurable by Corollary 2.3.
Then, by the classical P. Levy martingale convergence theorem (see, e.g., [L-
Shy),

149

¢ =" lim E(¢|Ty).

N —oc0
But
- 1
B (615x)(C) = g [ olCr)dug(Ch),
v(@x(C) oo :
By the definition of v, v¢(®n(C)) = v(®n(C)). Using Corollary 2.3, we easily
check that
[ scodnen= [ jan
2N (C) N (0)

So E (¢|Fn)(C) = m f‘bN(C) f dv and the corollary is proved. O

3. Convex Restrictions of Measures

Let K be a convex bounded (not necessarily compact) subset of R™.

DEFINITION 3.1. A function v : K — R is called a-concave (a > 0), if 41/
is concave.

Assume that K ¢ R¥ ¢ RY and dim K = k. Let u be a nonnegative Borel
measure on RY, which is absolutely continuous with respect to the standard
dp

Lebesgue measure my, and let g := T

DEFINITION 3.2. A measure v on K is called a convex restriction of the measure

w, if there exists an (n — k)-concave function v on K such that dv = g-v-dmy,
where my, is the Lebesgue measure on R*.

REMARK. Our definition of the convex restriction of measures is different from
that given in [Gr-M], but both definitions are equivalent.
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LEMMA 3.3. Assume that Ko C K; C RY and dimK; = k;. Let a measure
vy on Ki be a convex restriction of a measure . Let a measure vy on Ky be a
convex restriction of vy.

Then vo is a convex restriction of .

Proor. If du = gdmy, then dvy = gvidmy, and dvy = g~y v2 dmy,, where
~1 is an (N — kj)-concave function on Ky, 75 is a (k1 — ko)-concave on Ks. Set
OéZN—kl andﬂzkl—kg.

Tt is sufficient to show that v; -2 is an (a+3)-concave on Ky [Gr-M, Appendix,
Lemma 1]. Indeed, using the Holder inequality with p = (o + §)/a and ¢ =
(a + B)/8, we obtain for every z,y € Ko and every 0 < 0 < 1,

0-[11(2) 12 (@) D+ (1=6)-[1 (9) 12 ()] /@)
<[0m (96)1/0‘4— (1-6)-v (y)l/a}a/(wrﬁ) 072 (x)l/ﬁ +(1-6) .72(y)1/ﬁ}ﬁ/(a+ﬁ)

< (O a+(1—0) ) ) (0 34 (1—0) y) @+, 0

Later we will need the following result:

LEMMA 3.4. Let a measure p on RY is such that dp = f-dmy, where f is
continuous, f > 0 my-a.e., and suppose we are given a decreasing sequence
of convex compact sets K1 D Ko D --- D K, D -+ of full dimension N. Let
K :=N_, Ky, k:=dim K. Define a sequence of probability measures {\,} such
that for any Borel subset A C RV, (A) := % (note that our assumptions
imply that u(K,) # 0).

Then one can choose a subsequence {n;} such that {\,,} converges weakly to
a measure concentrated on K, which is a convex restriction of u.

PROOF. Let E be the affine hull of K, and put & = dim F.
Consider new convex sets

K, :={(z,y) € E® E*: (2,vol(K,)"N"M.y) € K, }.

By the Cavalieri principle, vol(K,) = 1. Replace K,, by its (N — k)-dimensional
Schwarz symmetrization K|, with respect to E. Then K, are also convex com-
pact bodies, vol(K/) =1 and K] D K. This and their rotation invariance imply
easily that K are uniformly bounded. Hence by the Blaschke selection theorem
one can choose a subsequence {n;} such that K7, converges to some convex com-
pact set M with respect to the Hausdorff metric. Obviously, M is also invariant
with respect to rotations around E, vol(M) = 1, M D K, and M NE = K,
because (), K, = K.
Consider a function v on K:

v(z) = voly_i (M N (z + EY)) .
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Then v is (N — k)-concave by Brunn’s theorem. We will show that for every
continuous function u on RV

1

e | @ fdm@) — [ u@) 1)1 (@) dg(a).
(K, ) Kn, K

This will prove the lemma.

Denote v := u- f and consider a function v'(z) := v(Prg x), where Prg is the
orthogonal projection onto E. Since v = v’ on K, for any € > 0 there exists an
open neighborhood U of K such that |v — ¢'| < e on U. But K,, C U for large
n, hence

1
1(Kn)

By the Fubini theorem,

/ (v—2")dmy — 0, n — oo0.
Kn

ﬁ/}( U'(m)dmN(x):// v'(z) dmy(z) —

ny

/M o (@)dm (z) = /K o' (@) (@) dmi(z) = /K u() f(2) 1) dmg (). O

4. Convex Partitions

Assume that M C RY is a convex compact body, dimM = N > 3, M > 0.
Let p be a probability measure on M, which is absolutely continuous with respect
to the Lebesgue measure my, du = fdmy, where f is continuous and f > Omy-
a.e.on M.

Fix Ay, Ay disjoint closed subsets of M such that A; := (J,c <, t-Ai, i = 1,2

have nonzero measure p. Set A := %.
2
Using the idea of [Gr-M], we will construct a measurable (cf. Definition 2.1)
partition ¢ of the convex set M satisfying the following properties (in the notation

of Section 2):

(4.1) Every element C' € ¢ of this partition is a convex subset of M and has the
form C' = Jy<yq t-(CNOM).

(4.2) v is the convex restriction of y to C for ve-ae. C e (.

(4.3) vo(Ay) = Avo(Ay) for ve-ace. C € C.

(4.4) Moreover, if the measure p is homogeneous of degree a > 0, i.e. for every
Borel subset T C M and every ¢t € [0,1] u(t-T) = t*-u(T), then v¢ is also
homogeneous of degree « for ve-a.e. C € (.

The construction of such partition uses the Borsuk—Ulam theorem.

Let S¥=! be the Euclidean sphere in RY. For x € SN~! denote H} =
{y e RN : (y,x) >0} the closed half-space. So H; := RY — HF is an open
half-space. Then M+ := M N H} and M~ := M N H; are convex sets.
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It will be more convenient to consider M~ as a compact set. Namely, replace
M by a new set, where the hyperplane H, = {y | (y,z) = 0} is considered
as a “double” set, that is, one copy of it belongs to M+ and another to M~
(this is similar to the situation where, if we consider the dyadic points of the
unit interval as “double” points, we obtain the Cantor set). In the steps that
follow, each hyperplane we construct will be considered as “double”. This will
not change M and its factor set by the partition constructed below, since these
spaces are Lebesgue spaces in the sense of [R].

Consider a map ¢ : SV =1 — R? such that

¢(z) = (u(Ar N HY), p(A2 0 H)).

Since ¢ is continuous and N > 3, we can apply the Borsuk—Ulam theorem and
find z € SN~1 such that pu(A;NHZE) = %,u(fil), for i = 1,2. Now apply the same
argument to M+ and M~ separately, replacing A; by A7 = A, N Hf ¢ M+
and setting A; := A; N H, C M~ correspondingly. So after the second use of
the Borsuk—Ulam theorem we obtain a partition of M into four disjoint convex
subsets M+ M+t~ M~+ M~—. By construction pu(A; N M*t+) = Apu(4y N
M), and this holds for all the other elements of the partition.

Repeating this procedure infinitely, we obtain a partition ¢ of M, which is
obviously measurable and satisfies (4.1) by construction. The property (4.2)
follows immediately from Corollary 2.4 and Lemma 3.4. Corollary 2.4 implies
also (4.3).

In order to prove (4.4), recall that the Borel o-algebra of subsets of RY is
generated by a countable number of sets {7} };il Since for ve-a.e. C ve is the
convex restriction of u, v is absolutely continuous with respect to the Lebesgue
measure on C; hence it is sufficient to check (4.4) only for ¢t € Q. So we have to
prove (4.4) for fixed T and t. And this again follows from Corollary 2.4.

By Theorem 2.1, u(A;) = fM/C ve(Ay) dve(C). Hence we can choose C' such
that vo (A1 N C) = ve(Ar) > p(Ay), and C satisfies (4.1)-(4.4). Let us show
that dimC' < N. Indeed, C = (N3, Vi, where V), denotes the unique element of
the partition of M constructed on the k-th step as above, which contains C. All
Vi are convex, hence if dim C' = N, then dim V, = N. By Corollary 2.4 and the
construction,

- . 1 “ . 1 N
vo(dy) = lim Zros (A OVe) = lim s o #(A).

Since we have assumed that dfT“N > 0mp-a.e., u(Vi) > p(C) > 0. So the right
hand limit is equal to 0, contradicting the choice of C.

Let us fix such a C' and denote it by M;. Denote also v¢ by p1. Now we come
back to the situation where M = K(X) is the unit ball of X = (R™*, |||,
p is the normalized Lebesgue measure on M, and A, As C OM = S(X) are
compact and disjoint. Thus p; is a convex restriction of the Lebesgue measure,

and it satisfies (4.4) with a =n + 1.
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Since ul(fil NM) = )\ul(fig NM;) >0 (recall that A = ZE?;; = Z:igt;%
we have dim M; > 2. Obviously, M; is convex and compact.

If dim M; > 3, the use of the Borsuk—Ulam theorem is possible and by the
same procedure we construct a convex compact subset My C M; and a convex
restriction pg of the measure y; satisfying (4.1)-(4.4) with a = n+1 and X (AN
My) = pa(Ar N Ms) > pa (A 0 M) > p(Ar) = muga(Ay).

By Lemma 3.3, u9 is a convex restriction of m, 1. Repeating this argument,
after at most n — 1 steps we obtain a 2-dimensional convex compact set N C M
and a measure v on N such that:

(4.5) N = Upcs<r t (NN S(X)) and N is contained in some half-plane (by
construction).

(4.6) There exists an (n — 1)-concave function v on N such that dv = vdmsg
(where ms is the Lebesgue measure on R? ).

(4.7) Av(A3 N N) = (A, N N) > mu 1 (A1) (= (A1), where A = % as
above.

(4.8) v is homogeneous of degree n + 1, i.e. for every Borel subset T C R? and
every ¢ € [0,1],

v(t-T) = t" (7).
Note that (4.6) and (4.8) immediately imply

(4.9) ~ is homogeneous of degree n — 1, i.e. y(t-z) = t""Ly(x) for every z €
N, te0,1].

Clearly, by (4.5) NN S(X) is a spherical segment. Denote it by I = [a, b]. Since
the Banach—Mazur distance between any 2-dimensional normed space and the
Euclidean ball is at most v/2, we can find a Euclidean norm |-| on span N such
that

1
V2

For every two points z, y € I, denote by p(z, y) the length of the segment
[, y] C I with respect to ||-||, i.e. if [x, y] is parameterized by some parameter
T € [0,1], then

(4.10) |z| < |lz|| < |z|, Yz € span N.

k—1
plz,y) = sup Y [ -7l
0<m <. <7 <1 j=1

Similarly, denote by d(x, y) the length of [z, y] with respect to |-|.
By a result of [S],

|z —yll < plz, y) <2z —yl.
Thus we obtain

(4.11) |z —y| <d(z, y) < V2p(x, y) <2V2 ||z —y|| < 2v2]z —y|.
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On I we have a measure ¥ such that 7(A) := v(A), where A C I is any Borel
subset and A = [Jo<;<;t-A. Then dir = f, dt, where dt is an element of the
Euclidean length and f, is a continuous function. By (4.6) and (4.9),

Z/(A):/A’}/dmgz %_H/A'y(t)dt.

So f, = %Hv. The rest of the paper closely follows [Gr-M].
For z, y € I, (4.6) implies

(4.12)

1/(n—1 1/(n—1
71/(71—1)(510';‘9) 57 /( )(93)‘;7 /( )(y).

Set z = ZEU /| 22U || € [z, y]. By (4.9) and the inequality

r+y
2

I < 1= 5(lle - yl),
we have
(4.13) 155 = = (lw -yl 2).

It easily follows from the inequality (4.11) that for some absolute constant
a € (0, %),

(4.14) d(z, x) > ad(x, y), and d(z, y) > ad(z, y).

Let us parameterize the segment I = [a, b] by the Euclidean length of the
segment [a, x], namely if x corresponds to t;, it means d(z, a) = t;. Let y
corresponds to to > t1, then d(z, y) = t2 — t1. Clearly, (4.12)—(4.14) imply

10Dy 4 0D )
2

< =d(llz =yl -

(4.15)

max (z)Y/ (=),

z€[t1+a (ta—t1), to—a (t2—t1)]

Then easily f, has no local minima and at most one local maximum inside
I (this local maximum must be global). Denote the global maximum of f,
by to € [0, 1] (where | = d(a, b)). Then obviously f, increases on [0, to] and
decreases on [tg, I].

For any t € [0, tg] and any 6 such that 0 <t —6 < t < tg, (4.15) and the
monotonicity of f, on [0, to] imply

Folt=0) < (= 8(llx —y)" ™" fu(2),

where x corresponds to t — 6, and y corresponds to t. But by (4.11) ||z — y|| >
ﬁ d(z, y) = 2%, and we obtain

(4.16) f(t—0) < (1 - 5(235)) f(#).
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Similarly, if tg <t <t+4 60 <, then

(4.17) Ft+0) < (1 —5(\%»"_1 £(0).

Hence, for tg — 260 > 0,

([0, t0—20])=/0t029fy(t)dt§ (1—6(2\9/§>>n_1/(9t09fy(t)dt

< <1 _ 5(2\9&)>n1 ([0, to — 26]) + ([to — 26,0 — 0])) .

Thus

(1 —5(L))"71
1- (1 . 5(2%5))71_1
In the same way, for o + 28 < { we have
(1 4(2%))"_1

1- (1 - 5(2%5))%1

Adding (4.18) and (4.19) and using ([0, I]) = 1, we obtain:

3

(4.18) ([0, to — 26]) <

v([to — 26, to]).

(4.19) D([to + 26, 1]) <

v([to, to + 26]).

n—1
LEMMA 4.20. o(I — [to — 20, to +26]) < (1 - 5(%)) ~ o G (1)

5. Proof of Theorem 1.1

(We repeat the argument of [Gr-M].)

Let A C S(X), i(A) > 1 (the measure i was defined in Section 1). Fix
€ (0, 1). Set Ay := A, Az := S(X) — A.. Hence we can find a compact convex
2-dimensional set N with a probability measure v satisfying (4.5)-(4.9). Let ¢

be the point on I with the maximal density of o.
If §,, is such that 6(0,) = 1 — (3)V/ (=D ~ 82 "then p{ax € I : d(xz, c) <
4\/§0n} > % By (4.7), o(A1N1I) > %; hence there exists ' € A; N I such that

2" —¢| < d(2', ¢) < 4v/26,,. Now let us take # such that ¢ = 4v/2 (0 + 6,,).
For an e - neighborhood of {z'} (with respect to the original norm ||| ), we
have {z'}. D {c}, /54 and {z'}. N Ay = @. Therefore, again by Lemma 4.20 and

(4.11)
P(AgNT) < o(I —{x: d(z, c) <4V20}) < (1 —6(0))" !

~ exp(—5(6) (n — 1)) = exp <—5(4\€/§ - an) (n— 1)) .
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By (4.7),

. v(AaNI) N €
p(Az) = m#(/h) <p(A2NT) <exp (—5(m - 9n) (n— 1)) - g
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Geometric Inequalities in Option Pricing

CHRISTER BORELL

ABSTRACT. This paper discusses various geometric inequalities in option
pricing assuming that the underlying stock prices are governed by a joint
geometric Brownian motion. In particular, inequalities of isoperimetric
type are proved for different classes of derivative securities. Moreover, the
paper discusses the option on the minimum of several assets and, among
other things, proves a log-concavity property of its price.

1. Introduction

The purpose of this paper is to prove various geometric inequalities in option
pricing using familiar inequalities of the Brunn-Minkowski type in Gauss space.

To begin with, recall that a European (American) call [put] option is defined
as the right to buy [sell] one share of stock at a specified price on (or before)
a specified date. The specified price is referred to as the exercise price and the
terminal date of the contract is called the expiration date or maturity date.
In fact, already the early paper [20] by Merton treats a variety of convexity
properties of puts and calls, sometimes without any distributional assumptions
on the underlying stock prices. Here, however, it will always be assumed that
the price process X(t) = (X1(¢),...,Xm(t)), t > 0, of the underlying risky
assets X1,..., X, is governed by a so called joint geometric Brownian motion.
Furthermore, all options will be of European type and so, from now on, option
will always mean option of European type.

Now suppose f : R}* — [0, 400[ is a continuous function such that

f(z) §A<1+Z|xi|> for & = (z1,...,xm) € R,
i=1
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for appropriate constants a, A > 0, and suppose a certain derivative security
Z/{fT pays f(X(T)) at the maturity time 7. Here f is termed a payoff function.
If ¢ is a time point prior to T, set 7 = T — ¢, and denote by wus(r, X(t)) the
(theoretic) price of L{fT at time t. If uy(7,2) = uyp(7,z1,...,2m) is positive and
i€ {l,...,m} is fixed, the quantity

x;  Oug(T, x)

1
vp(r @) = ug(r,z) Oy
is called the elasticity of the price us(7, ) relative to the price ;. The quantities
@ZJ} (1,@),...,9F(7,x) enter quite naturally in option pricing in connection with
so called hedging against the contingent claim Z/IfT. Actually, we will below
occasionally consider a slightly larger class of payoff functions than stated here.
Now let the function f(z), x € R}, be a log-concave function of the log-price

vector Inz = (Inzq,...,Inz,y,). In Section 3, we prove, among other things, that
the function 7™/2u; (7, z) is a log-concave function of (7,Inx). In particular, if
f is not identically equal to zero, then for any fixed i € {1,...,m} and 7 > 0
the elasticity function w}(r, x) is a non-increasing function of z; when the other
prices T1,...,%i—1,%i4+1,. .-, Tyn are held fixed. Note that these results apply to
the payoff function

f(z)= min z; (1)

i=1,....m

which is of interest in connection with the cheapest to deliver option. The deriv-
ative security corresponding to the payoff function in (1) is sometimes referred
to as the quality option (see e.g. Boyle [11]).

The main concern in this paper is to prove certain inequalities of isoperimetric
type. More explicitly, consider the same risky assets as above and suppose a > 0
is given. We shall write f € C, if f : R — [0,400[ is a locally Lipschitz
continuous function such that

m

S

=1

of
Ox;

K2

<a+ f(z) ae.

with respect to Lebesgue measure in R”. The class C, is convex and contains
the zero payoff function. Moreover, the class C, contains the payoff functions
of all puts and calls on the X;,7 = 1,...,m, with exercise prices less than or
equal to a. In addition, if f, g € C,, then max(f, g) € C, and min(f,g) € C;. In
particular, the function in (1) as well as the function
f(z) = max x; (2)
i=1,....m
belong to the class C, for all a > 0.
In Section 4 we discuss, among other things, the Monte Carlo method for
computing the option price us(7,x) when f is as in (2). Let X, be the most
volatile asset of the risky assets X4, ..., X, and let o, be the volatility of X,,.
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The (crude) Monte Carlo method then gives us a certain unbiased estimator Z y
of the option price us(7,x) and we prove that

P HZN —ug(T,x)

2
O-"YLT _ 1
>g}§e, e>0. (3)
ug(T,2)

- e2N

Note that the right-hand side of (3) is independent of the option price uy (7, x).

In Section 4 we also prove the following property of the class C, for fixed a > 0.
Suppose v is the expected exercise value of a call on X, with the maturity date
T and exercise price a. Then, amongst all derivative securities Z/{fT with f € C,
and with the expected payoff v at time T, the payoff at time T has maximal
variance for the call on X,,, with the exercise price a.

Finally, in Section 5 we discuss inequalities of isoperimetric type for other
classes of payoff functions than those considered above.

2. Notation and Basic Results

Throughout this paper X;,¢ = 1,...,m, stand for m risky assets with a joint
price process X (t) = (X1(t),..., X;n(t)), t > 0, governed by an m-dimensional
geometric Brownian motion. Stated more explicitly, there are linearly indepen-

dent unit vectors ¢;, ¢ = 1,...,m, in R™ and a normalized Brownian motion
(W (t)) in R™ such that

dX;(t .

Xl((t)) = (i +02/2)dt + o dWi(t), i=1,...,m
for suitable p1,...,um € R and 09 > 0,...,0,, > 0, where

Wit) = (i, W(t)), i=1,...,m.

Here, (-,-) = (-, )r» denotes the standard scalar product in R™.
In what follows, t < T and we set

2
M)i(r) = e” T W) fori=1,....m

and
MY (1) = (MY (1), ..., MgV (7)),

where 7 =T — t. Moreover, if £ = (&1,...,&m), 1= (M, ,Mm) € R™, we will
make frequent use of the following notation:

€= (&l [Em])
el =" lei
1
lell: = VTE
l€lloe = max &3]

i=1,...,m
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e = (e,...,e5m)
Ine® =¢
and

En=(&ms - Emmim)-

Now consider a derivative security Z/{fT with the payoftf f(X(T)) at time T.
Below, for technical reasons, it will be assumed that f : R — R is a continuous
function such that

E[|f (@MY (1))I] < +00

for all z € R, 7> 0, and p > 0 and a function f satisfying these assumptions
will be called a payoff function. If r denotes the risk-free interest rate and if
uy(7, X (t)) denotes the value of the derivative security U] at time t € [0, TY, we
have

up(r,x) = E[e™"" f(ze"" MY (1))]. (4)

A proof this equation is given e.g. in Duffie’s book [14] or in the basic paper [16]
by Harrison and Pliska. If f is a payoff function it is readily seen that us(7,x)
is a payoff function as a function of « for fixed 7. We now define us(r, x) for all
7 > 0 by the equation (4) and set (S f)(x) = ug(7,z) if 7 > 0. Then the family
(S;)r>0 becomes a semi-group, the so called option semi-group of the underlying
risky assets X7,..., X

Throughout this paper, if £ € R, we let &7 = max(0,¢) and £~ = (=§)T.
Moreover, given a > 0 and ¢ € {1,...,m}, let

Ca,i(x) = (2 — a)t

and

Pai(®) = (zi —a)” = (a— ;)"
Here the derivative security Z/{g; . is called a call on X; with exercise price a and
maturity time 7 and the derivative security L{g; . is called a put on X; with
exercise price a and maturity time 7. From (4) we have the following famous
formula by Black and Scholes, viz.

&+ (r+ %) Iz 4 (r— %)
B n& 4 (r+ )T\ (I (= )T
uca’i(x,T)—a@( - ) ae (I>< - >

where

5o V2T

is the distribution function of a real-valued Gaussian random variable with unit
variance and expectation zero. Moreover, by the put-call parity relation we have

Up, (T,2) = ae™"" +uc, (T,7) — ;.
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In the following Xy denotes a bond with the value Xo(t) = e™"" at time t¢.
Furthermore, we set

8uf

axl(rm) i=1,...,m (5)

¢l (r,z) =
and

(b?c(r,x):e (ug(r, ) Zmlcﬁfo

A portfolio consisting of gbzc (T — s, X(s)) units of X} for all j =0,...,m at any
time s € [t,T'[ has the value uy(7, X (t)) at time ¢ and

FOX(T)) = ug(r, X (1) +Z/ GLT — 5, X;(5)) dX;(s).

This so called self-financing trading strategy in the X;, 7 = 0,...,m, is basic
to the theory of option pricing and much more details may be found in [14] and
[16]. The portfolio ¢f = (gb(},qb}” .., @) is often called a hedge against the
contingent claim Z/{fT. If uyp(7, z) is positive for all z, the corresponding relative

portfolio 1y = (¥}, 9}, ..., ¢) is defined by
1/1}(7, x) = xiqS}(T, x)fup(r,xz), i=1,...,m
and

W=1-3u
=1

Given ¢ € {1,...,m} the quantity z/);}(r,a:) is called the elasticity of the price
us (7, z) relative to the price z;.
A payoff function f is said to be homogeneous if

flax) = af(x), a>0, zeRY

and for such functions, ¢9c = 0 and uy is independent of r. Typical examples of
homogeneous payoff functions are

fmin(x) = min
i=1,....,m
and
fmax(z) = max ;.
1=1,....m

)

Finally, for future reference recall that a real-valued random variable is said
to have a N(0;1)-distribution if its distribution function equals ®.



34 CHRISTER BORELL

3. Derivative Securities with Log-Concave Payoff Functions

Recall that a non-negative function h defined on a convex subset D of a vector
space is log-concave if

h(0€ + (1= 0)n) > h(&)*h(n)'~° (6)

for all £,m € D and all § € ]0,1[. If the inequality in (6) is reversed, then h
is said to be log-convex. It is well known and simple to prove that the class of
all log-convex functions on a convex set is closed under addition. However, the
class of all log-concave functions defined on a convex set containing more than
one point is not closed under addition.

The options on the minimum and maximum of several assets have been treated
by Stulz [22], Johnson [18], Boyle and Tse [12] and others. The important
cheapest to deliver option involves the consideration of options on the minimum
of several assets i.e., the so called quality option (for more details see e.g. Boyle
[11]). In fact, options on the minimum and maximum of two assets already
appear implicitly in the Margrabe paper [19], which considers the option to
exchange one asset for another. We will comment more on the Margrabe option
below. Note that the payoff function fuin(x) is a log-concave function of the
asset price vector = (21,...,2,;,) as well as of the asset log-price vector Inz =
(Inzq,...,Inz,,). Moreover, the payoff function fax(2) is a log-convex function
of the asset log-price vector Inz. If a payoff function f is concave (convex), then
the security price uy(7,z) is a concave (convex) function of z for fixed 7 as is
readily seen from equation (4) (cf. [20]). If the payoff function f(x) is a log-
convex function of the log-price vector Inz and f is not identically equal to zero,
then it follows from the equation (4) that the option price u (7, x) is a log-convex
and positive function of In x for fixed 7. In particular, for any fixed i =1,...,m,
the function

:17,;H1/);(7',:1:1,...,xi_l,zi,zi_,_l,...,:Em) (7)
is non-decreasing since
; Olnugs(r,et)
wz T’ X = )

The main purpose of this section is to prove that the function in (7) is non-

r=et, (8)

increasing if the payoff function f(x) is a log-concave function of the log-price
vector Inx and f is not identically equal to zero. To this end we will make use
of a very nice property of log-concave functions, first proved in a general setting
by Prékopa [21] and which reads as follows:

If the function f(£,m1,...,0n) s a log-concave function of (§,m1,...,0n) €
D x R"™, where D is convez, then the integral

A FE&m,....nn)dn ... dn,
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is a log-concave function of £ € D.

Below, this result will be referred to as Prékopa’s theorem. Note that the
Davidovi¢, Korenbljum, and Hacet early paper [13] treats an important special
case of Prékopa’s theorem.

THEOREM 3.1. (a) If the payoff function f(x) is a log-concave function of the

log-price vector Inx, then the function 7™/2

us(7, ) is a log-concave function
of (r,Inx). In particular, if f is not identically equal to zero, then for any
t=1,...,m and 7 > 0, the function in (7) is non-increasing.

(b) If the payoff function f(x) is homogeneous and a log-concave function of
the log-price vector Inx, then the function T(m_l)/2Uf(7', x) s a log-concave

function of (t,Inx).
To prove Theorem 3.1, we need the following result:

LEMMA 3.1. If g : R — R is a homogeneous payoff function and m > 2, then

Elg(MY (1)) = Elg(M) (7)., Mae" (7). 1)]

"
91 -1

where

o = \/01.2 — 2{(cj, cj)oi0m + 02,
and
Wi = (osWi — 0mWn) /o]
fori=1,....,m—1.

In the special case m = 2, Lemma 3.1 is implicit in [20] (with a proof different
from the one below).

PrROOF. We have that
Elg(M,)Y (1))] = E[g(emoi"im) .

pam—1F0m Wy (7) l)eaerame(r)]

7 )

for appropriate constants a,...,a,, independent of g. By conditioning on
WH*(r) = (Wi (r),..., W} _,(7)) the right-hand side equals

]E[g(ea‘l-"_o-rwl* (7—)7 ey ea7n*1+o-:n—1W;L71(T)’ l)ea/rn+<b/7W*(T)>]

for appropriate a/, € R and b’ € R™~L. Therefore, by translating the probability
law of W*(7), we get

Elg(MY ()] = Elg(ME (7)., Mov™ = (), e W ) (g)

for suitable ¢ € R and b € R™~!. Now let C denote the covariance matrix of
W*(1) and let ey,...,en_1 be the standard basis in R™~1. Then by choosing
g(x) =x; for i =1,...,m, we have

(b+ore;,Cb+ore))+2a—0:>=0 fori=1,...,m—1,

(b,Cb) +2a = 0.
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From this we get (e;,Cb) = 0 for i = 1,...,m — 1, and it follows that b = 0
since C' is invertible. Hence also a = 0. In view of (9), Lemma 3.1 is thereby
completely proved. O

PrROOF OF THEOREM 3.1. We first prove Part (b). However, for the sake of
simplicity we restrict ourselves to the special case m = 2; the general case is
proved in a similar way. To prove Part (b) with m = 2 note that Lemma 3.1

yields
o*2 . 2
uslre) = [ flone TV e K
R

3

and hence
\/;uf('r)x):/f(q;le_afng—i-O'IC’l?)e_g dC )
R V2

We next introduce the new vector variable £ = Inx and have

Vrug(r,z) = /R o(r,€,0) d¢

where
o072 e_gi
— E1——5—T+07¢ &2 i
S - € 2 1>,e .

Since the function
2
Cf, CeR, 7>0
-
is convex we conclude that the function g(7,¢,¢) is a log-concave function of
(1,£,¢). The Prékopa theorem now implies that the integral

/ g(r,€,C) dc
R

is a log-concave function of (7,€). This proves Part (b) of Theorem 3.1. The
first statement in Part (a) of Theorem 3.1 is proved in a similar way as Part (b)
of Theorem 3.1. Moreover, the last statement in Part (a) of Theorem 3.1 now
follows from (8). This concludes our proof of Theorem 3.1. O

EXAMPLE 3.1. Set fo(x) = min(z1,22) and suppose « € ]0, +00[. Then, in view
of Theorem 3.1, the function 7®uy, (7, x) is a log-concave function of (7,Inz) if
o> % We now claim that the condition o > % is necessary for this conclusion.
To see this first note the equation

In %2 — 0;2 - In £ — 0122T
ur (1,2) =2, ———o"— TP 22— 10
s =me(PE ) e (PE ) )
which is implicit in the Margrabe paper [19] (here o} is as in Lemma 3.1 with
m = 2). In fact, Margrabe determines uy, when fi(z) = max(0, z2 — x;1) and,
since uy, (T,2) = x2 — uy, (7,2), equation (10) is an immediate consequence of
his paper. A direct derivation of (10) is also simple using Lemma 3.1. To see
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this, set @ = o5+/7 and let G be a real-valued centered Gaussian random variable
with unit variance. Now using Lemma 3.1 it follows that

a2
g, (7,2) = Emin(zie” 7 749, 2,)]
so that
a2 1 2 1 2
ugy (1,2) = 2B |e” TG < — m24L +zoP |G >~ 242,
a T 2 a T 9

By applying the translation formula of Gaussian measures, we get
1 zy a? 1 x  a?
= P|G<—-|In—= - — P -G<=(ln———
ug, (T,2) = 21 [ _a(nxl 2)]4—&62 { <a<nx2 )

and (10) follows. In particular, we have

o_*
g, (7, (z1,21)) = 2:01<I>(771 7).
Now set
g(t) =alnt +In(®(—/7)), 7>0.

The claim above follows if we prove that g is not concave for any a € ]0, % [ To
this end, set ¢ = ®' so that

@ —/T
gy =2 p-vT)
T 2V/7P(—/T)
The function ¢’ is non-increasing if and only if the function

a  o(s)
h(s) = — — , >0
() s2 2sP(—s) §
is non-increasing. Now

, 2c S 1 S
Pils) = =l + 2§((—)5) <1 + 2 sg((—)s)>

and, by using the Laplace-Feller inequality (see e.g. Tong [24]),

O(—s) = go(s)<1 1 + 335 +O(517>>, ass — +oo.

s 83

From this

= ass — +00,

1 1 3 1 3\2 1
as s — +o0o. Thus

2a p(s) 2 1
Ws)=-5+ 2q><()s) a(1r0()) s oo
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and, finally,

2a 1 1 1
W(s) = —sﬁm(g)ss(”o(sz))’ ass = oo

Therefore, if h'(s) < 0 for all s > 0, then necessarily « > % This proves that
the function ¢ is not concave for any o € ]O, %[ and, hence, that the function
T%uy, (7, ) is not a log-concave function of (7,lnz) for any o € ]O, % [ |
THEOREM 3.2. If fo = fmi, then the functions T(mfl)/Qgi)iO(T,x), i=1,...,m,
are log-concave functions of (1,1lnx).

PROOF. Using (5) with f = fy, we have from Lemma 3.1 that

m : Wi
o7 (r,2) = E[h(@i M2 (1), 2 1 My (), )]

m—1

where _
hz) = { 1 ?f Tm < fo(z1,...,Tm-1,1),
0 1fa:m Zfo(xl,...,xm_l,l).
Since h is a log-concave function of Inz, as in the proof of Theorem 3.1, the
Prékopa theorem implies that the function 7(™—1/ 2(;5}'3 (r,x) is a log-concave
function of (7,Inz). In a similar way we conclude that the functions

T(m_l)/Q(bifo(T,I) , i=1,...,m—1,

are log-concave functions of (,lnx). This completes the proof of Theorem 3.2.
O

4. Extremal Properties of Calls

In this section we are going to prove an inequality of the so called Berwald’s
type (cf. [3]) for a certain class of option prices. To begin with we therefore
review the Berwald inequality as well as some other closely related results due
to the author [6], [8].

A real-valued function 9 is said to be convex with respect to another real-
valued function ¢ if there exists a convex continuous function x such that ¢ =
ko . We shall write ¢ € Vy(¢p) if the function v : [0, +00[ — R is convex with
respect to the non-decreasing continuous function ¢ : [0, +o0[ — R.

Now let K be a convex body in R™ with volume |K| and suppose f : K —
10, +00[ is a given concave function. Moreover, suppose ¥ € V() and

1 ' n—1
= /K o(f(x) dz =n / p(En (1L — 1" dr

where ¢ is a suitable positive number. Under these premises Berwald [3] proves
that

1 ! n—1
T /K B(f(2)) dz < n /0 BED(1 — 1)L dt.
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In [6] the same inequality is established for so called dome functions on K ( i.e.
functions on K which are possible to represent as the supremum of a suitable
family of uniformly bounded and positive concave functions on K). Clearly,
the Berwald inequality then also remains true for all functions on K which are
equimeasurable with appropriate dome functions on K, a class of functions,
which is optimal in connection with the Berwald inequality [6]. All these results
depend on the standard Brunn-Minkowski inequality for volume measure in R”.
In our paper [8] we proved an inequality of the Berwald type for certain sublinear
functions using the so called isoperimetric inequality in Gauss space. Here, again,
we will apply the isoperimetric inequality in Gauss space but this time to a class
of functions different from the one in [8].

Throughout the remaining part of this paper we assume that G = (G1,...,G,)
is the standard Gaussian random vector in R™ with stochastically independent
and N(0; 1)-distributed components. The isoperimetric inequality for the ran-
dom vector G = (Gy,...,G,), independently discovered by Sudakov and Tsyrel-
son [23] and the author [7], reads as follows:

If A CR™ is a Borel set and P[G € A] = P|G,, < ] for an appropriate
a € [~o0, +00], then P[G € A+ B(0;¢)] > P[G,, < a+¢] for e > 0, where
B(0;e) = {§ € R™; [[¢]l2 < €}
For new proofs of the isoperimetric inequality in Gauss space, see Bakry and
Ledoux [1] and Bobkov [5]. Before we apply isoperimetry in Gauss space to
option pricing we have to discuss some properties of so called Lipschitz functions.
A real-valued function g defined on an open subset V of R™ belongs to the
Lipschitz class Lip. (V; C), if C > 0 and

9(&) —gMI < ClIE = nlloes Eme V.

By a theorem of Rademacher (see e.g. Federer [15]), any function g of Lipschitz
class Lip . (V; C) is differentiable a.e. with respect to Lebesgue measure and

[Vg(é)|1 <C ae.
Furthermore, if 0 < Cy < C and
Vg€l < Co ae.

then g € Lip(V;Cp). Given an open set U C R™, we will write g € Lip,,.(U),
if to any relatively compact open subset V' of U, the restriction of g to V belongs
to the class Lip, (V; C) for an appropriate C' > 0.

A function f € Lip,.(R'") is said to belong to the class C if f > 0, that is,
f(x) > 0,2 € RY, and

(z, [V f(2)]) < f(2) ae. (11)

Given a > 0, we define
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Stated more explicitly, a function f belongs to the class C, if and only if f €

Lipy,.(R7*), f is non-negative, and

(2, |Vf(@)]) <a+ f(x) ae.

THEOREM 4.1. Suppose f : R — [0,+o00[ and let a > 0. Then f € C if and

only if f >0 and
f(zed) < fla)eltll= z e R™ ¢ e R™.
Moreover, f € C, if and only if
a+ f(zef) < (a+ f(z))eléll= 2 e R, £ € R™.
In particular, any f € C, is a payoff function.
PROOF. Suppose first that f > 0 and set
g(&) =In f(e*), EeR™

Clearly, the inequality (12) just means that g € Lip_ (R™;1).
Now let f € C. Then g € Lip,,.(R™) and
eV f(e)
Vg(§) = ———= a.e.
=77

Moreover, [[Vg(&)[1 <1, a.e. and, hence, g € Lip,,(R™;1).

(12)

(13)

Conversely, suppose g € Lip, (R™;1). Then f € Lip,,.(R7) and (13) holds.
Accordingly, the inequality (11) must be true. Summing up, we have proved

that f € C if and only if (12) is true. The remaining part of Theorem 4.1 is

now obvious from the very definition of the class C,. This concludes our proof

of Theorem 4.1.

O

In general, the following properties are immediate consequences of either Theo-

rem 4.1 or the very definition of the class C,:

(a) C, is convex.

(b) Cu CCpifa<d.

() cel,ifc>0.

(d) ACq =Crqg, A>0.

(e) 0C, CCq, 0 <O <1.

(£) Co+Ch C Costp-

(g) f,9€Cy= max(f,g)€C,.
(h) f,g9 € Ca = min(f,g) € Ca.

(i) If T is an n by n permutation matrix or an n by n diagonal matrix with

positive entries, then f(z) € C, = f(Tx) € C,.
(§) Forany i =1,...,m, ¢; € C, if and only if b < a.
(k) Forany i =1,...,m, Acg; & Cq if A > 1.
(1) Forany i =1,...,m, pp; € C, if and only if b < a.
(m) Forany i =1,...,m, Apg; & Cq if A > 1.
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(n) f e, if fis non-negative and concave.
(0) feCyo=¢€T"85f€eC,.

Here, for the sake of completeness, we indicate a proof of Property (n). To
begin with it is well known that a concave function f on R’ belongs to the class
Lipy,.(R7") and that the convex set {(z,?) € R xR;¢ < f(x)} has a hyperplane
of support at each point (z, f(x)),z € R (see e.g. Hormander [17]). Moreover,
by the Rademacher theorem referred to above, there exists a set D C R’ such
that f is differentiable at each point of D and such that the complement of D
in R is a null set. Accordingly,

fy) < f@)+(Vf(@),y—z), x€D, yeRyY.

Thus, given x € D, we have (Vf(x),z) < f(x) as f is non-negative. But here
Vf(z) > 0 since the function h(s) = f(z + sy), s > 0, is non-decreasing for all
x,y € R*. This proves (11) so that f € C, for every a > 0.
Throughout the remaining part of this paper we assume that
max o; = Op.
i=1,....m
Now given a > 0 and a continuous function f : R" — [0, 4o00[, set for fixed

T>0,
1

g=9r = Um\ﬁ
We shall say that the function f belongs to the class C,,,, if the function

In(1+ f/a). (14)

O (P[gy (w1eT VTG et VTEm Gy < gy — s s> 0

is non-decreasing for every x € R and every 7 > 0. It is readily seen that
any f € Cq,m is a payoff function. The class C, ,,, turns out to be optimal in
connection with a certain isoperimetric inequality we prove below. However,
before stating this result we want to prove

THEOREM 4.2. For any a > 0,
Ca g Ca,m'

PROOF. Suppose f € C, and let g be as in (14), where 7 > 0 is fixed. We now
claim that

if z € R and £ € R™. But

In((a + f(ze%))/a)

g(ze®) =
Om\NT

and since f € C,, Theorem 4.1 yields

1
g(ze®) <

Om\/T

n((a+ f(2))elel>=/a)
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and the claim above follows at once.
To complete the proof of Theorem 4.2 we represent the standard Gaussian
random vector G in R™ as the identity mapping in R™ and put for any fixed

r € R} and s >0,
A(s) =[xV E) g, eomVTiem Gy < ),

Then, if € > 0,
A(s) + B(0;e) C A(s +¢)

and the isoperimetric inequality for G gives
OTHP[A(s +€)]) = 7 (PIA(s)]) + <.
Since z € R* and 7 > 0 are arbitrary, f € C4 ., and Theorem 4.2 is proved. [
In what follows we shall write ¢ € V() if ¢ € Vo(p) and
lim— o057 (J0(5)] + [1(5)]) < +o0
for an appropriate p > 0.
THEOREM 4.3. Suppose ¢ € V(¢). Then, if f € Cqm and
Ugof (T, %) = Ugoc, . (T Y)
where x,y € R and 7 > 0 are fized,
Ugpof (T, ) < Uyoc, ,, (T, Y)-

PROOF. In the proof, without loss of generality, we assume that ¢(0) = ¥ (0) = 0.
We have
2
Ca,m(ye”MU” (1)) = (yme(rfam/2)r+omwm(r) o)t

and hence
ca’m(ye”M;/V(T)) = a(eam-l-amwm(r) 1t

for a suitable constant a,,. Setting B,, = W,,(7)/+/T, we get

Com g™ MY (7)) = e V7B tm)
for a suitable constant b,,. Thus

Cam(ye" "MW (1)) = a(e"m\F(Bm_bmrr —1).
Now define

j(s) = a(emVT —1), $>0
and set o = ¢(7) so that
¢(cam(ye’™ My (7)) = ¢o((Bm — bm)")

and

+oo
Elp(cam(ye™ MY (7)))] = / P[(Bun — bn)* > ] dipo(s)
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since ¢p(0) = 0.
In the next step we introduce the function g = g, by the equation (14) and
have f = j(g) and ¢(f) = po(g). Thus

o(f(ze" ™M) (1)) = wo(g(ze" MY (7))
and
+oo
Blp(fae™ MY ()] = [ Platee MY (7) > s den (o).
Further, we define
hls) = Plg(ee™ MY (1)) < 5], 520

and have

h(s) = Plg(ze7VTrC) o efmVTemGly <] 5> 0

for appropriate z1,...,2m,m € R4.
Now suppose so > 0 and

h(SO) Z ]P)[(B’"L - b?n)+ S 50]- (15)
We then have
h(sg+€) > P[(Bp —bm)t <so+¢], >0

because f € Cym and By, is a N(0; 1)-distributed random variable. To complete
the proof of Theorem 4.3, first set 1o = ¥(j) so that

+oo
Ewwm@wwwvmrié P(Bun — bu)* > ] dibo(s)
and
+oo
HWﬂm”MYﬁMF§A Plg(ze’™ MY (1)) > 5] difo(s)

since ¥p(0) = 0. Moreover, let diyg = Adpo, where the function A is non-
decreasing, and let s, denote the infimum over all sy > 0 such that (15) holds.
Here, by convention, the infimum over the empty set equals +00. The extreme
cases s, = 0 and s, = +o00 are simple and so we concentrate on the case 0 <
Sx« < 400. Then, for any S € ]s., +o0],

S S
| Blataer™ MY (0)) > s din(s) ~ [ BI(Bn ~bu)* > 5] dn(s)
0 0
=A (Blg(ae™ MY (1) > 5] — P[(Br — bm)* > s))A(s) dioo(s)

S
+/(MMR”MYWD>d—Mwm—%V>ﬂM®Mw®)
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Here the right-hand side does not exceed
M) [ (Plotae™ MY (1) > 5] = BB ~ )" > s din(s)
0

S
+A(5*)/ (Plg(ze"™ MY (1)) > 8] = P[(Bm — b)) > 5]) dipo(s),

which is equal to

S
/\(S*)/O (Plg(ze"™ MY (1)) > 8] = P[(Bim — b)) > s]) dipo(s).

By letting S tend to plus infinity it is immediate that

+o0 +oo
| Blotaemaa () > slavn(s) < [ BB~ ) > sldun(s)
0 0
and Theorem 4.3 follows at once. O

If X is a non-negative random variable with positive expectation, we set

VEX?] - (E[X])?
E[X]

Moreover, if f is a payoff function, we use the notation

Drel[X] =

Z(r,x; f) = eiTTf(xerTM;/V(T)).

Note that
ug(r,x) = E[Z(7,z; )]
by (4).
COROLLARY 4.1. Suppose x,y € RY'. If f € Cqm and
ug(T,x) 2 e, ,, (T,9) (16)
then

Drcl[Z(Ta X f)] S Drcl[Z(Ta Y; Ca,m)]~

PRrOOF. If there is equality in (16) the conclusion in Corollary 4.1 follows from
Theorem 4.3. To prove the general case it therefore suffices to show that the
function
F(y a) _ ]E[ZZ(Tv Y, Ca,m)]

’ (E[Z(7,y, Cam)])?
is a non-increasing function of y,,. To this end, first choose 0 < b < a and note
that Ocp m € C, for all 0 < 8 < 1. Since ¢ > Cq,m there is a 8 €]0, 1] such that

Uhcp,m (7_7 y) = Ucq (Ta y)

Accordingly, in view of Theorem 4.3,

W(Ocy,m)? (7, y) < Ue2 (T7 Y)
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and hence
F(y;b) < F(y; a).
Now since
F(%%d) = F(y:b)
we are done. This completes our proof of Corollary 4.1. |

ExAMPLE 4.1. The use of the Monte Carlo method in computing option prices
goes back to Boyle [10]. It is especially attractive for options depending on several
assets (see, for example, Barraquand [2]). To estimate the price function us(r, x)
in this way, let Z7,...,Zn be stochastically independent copies of Z(T,z; f).
Then the arithmetic mean

is an unbiased estimator of us(r,z). The variance of Zy equals 1/N times
the variance of Z(7,x; f) and, assuming uy (7, z) > 0, the Chebychev inequality
yields
P H Zn —ugp(T,x)
us (T, )
Therefore, it is interesting to have an explicit upper bound of D, [Z (7, z; f)].
As an example, consider the special case f = fiax. If f = fmax, clearly f € C,
for all @ > 0. Now, if a > 0, (16) is true with y = 2 and Corollary 4.1 yields

> s] < giN(Drel[Z(w;f)DQ, €>0.

Drel [Z(Tv € fmax)] S hm+ Drel [Z(T, x; Ca,m)]-
a—0
Thus
Drel[Z(T7m;fmaX)] S 603"7— -1

A completely different approximate method for computing the value of the option
on the maximum (or minimum) of several assets is treated by Boyle and Tse [12].
|

The next theorem shows that the class C, ., in Theorem 4.3 is the best possible.
Indeed, we have

THEOREM 4.4. Let f be a payoff function in R and suppose a > 0. Further-
more, suppose

Upof (T, ) < Uyoc, ,, (T, Y)
for all x,y € R, all 7 > 0, and all ¥ and bounded ¢ such that ¢ € V(p) and
Ugof (T, 1) = Ugoc, ,,, (T, Y)-

Then f € Cqm-
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PROOF. To begin with, given 0 < b < ¢, define ¢, (s) = (s — a)*, a > 0, and
Pb.c(5) = #u(s) = pe(s) so that
©pc(s) = min((s — b)T,c —b).
First we assume that x € R and 7 > 0 are fixed and
0 < Efpp.c(f(ze’™M;" (7)) < ¢ —b. (17)
Now let 6 > 0 be such that
E[pp.c(f(ze"™ My" (7)) = E[@p.c(cam(Oze™™ M, (7))]. (18)

We next choose h > 0 so small that b < b+ h < ¢ and define k(s) = —min(s, h).
Then —p p4+n = Kk 0 gy and thus

Elgp b (f (e My (7)))] = Elgp b (Cam (0™ MY (7)))].

In the following, if A C R, the function x4 defined on R equals one in A and
zero off A. Using this notation,

hXb,400[(S) = Pb,b+ (19)
and hence
hP[f(xe™ MY (1)) > b] > B[ pn(Ca,m (ze’™ M) (7)))].
Thus
hP[f (xe"™ MY (1)) > b]
> E[((Gajme”Mx:" (1) —a)t —b)"] —E[((Gojme”ng’l (1) —a)t —b—h)"].

From this we get

Om

B/ (we" MY (7)) > ] > — S E[((Oe™ MY (7) — ) — )]
where the right-hand side equals
P[(mee”MZKL’" (1) —a)t —b>0] = ]P’[mee”Mgn’" (1) —a—0b>0]

and, accordingly,

1 (r—op./2)7
Oxme . (20)

IP’[f(xe”MZV(T))>b]Zq’<0mﬁln a+b

Now suppose b < ¢ — h < ¢ and observe that ¢c_p,c = Qc—h—b © Ppc. Remem-
bering (18), we have

E[Wc—h,c(f(xerTM}r/V(T)))] < E[Spc—hm(ca?m(exerTM:V(T)))]'
Furthermore, since
hX]c,—i—oo[(S) < rofh,c(s) (21)
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it follows that
hP[f(ze" ™M) (7)) > ¢ < Elpe—n.c(Cam(ze’™ M) (7)))]

and as above we conclude that

(22)

1 Or e('f—afn/2)'r
T w <P m .
Plf(xe"" M, (1)) > ] < <amﬁln s

Comparing (20) and (22) it follows that
(a+ b)ern VTP BU e MY (M)>H) > (g 4 ¢)eomVTe BLF e MY (1)>c).

Clearly, this inequality also holds if (17) is violated and we conclude that the
function

O VTO Y P[f(ze" MY (7)) < 5]) —In(a +5), 5>0

is non-decreasing. Since this is true for all z € R’ and all 7 > 0 we conclude that
the function f belongs to the class C, ,,, which completes our proof of Theorem
4.4. |

Suppose now that f is a general payoff function. The expectation at time ¢ of the
value of the derivative security Llf at the maturity date T equals vy (7, X (t);0),
where

vi (7, 2;0) = E[f(zetT V)],
Here we employ the vector notation u = (1,...,tm),0 = (01,...,0m), and
W(r) = (Wi(7),..., Wn(7)). Thus

ve(T,2;0) = e Tup(T, xe(“frJr”Q/z)T).

Now, suppose t < t, < T and set 7. =T —t,.. If 7, > 0, the expectation at time
t of the value of L{fT at time ¢, equals vy (7, X (t); 7s), where

vp(T, ;7)) = Elug (7, xe*‘(t*_t)+awo(t*_t))]
and where WV is a stochastically independent copy of W. Hence
vE(T, X T) = E[e‘”*f(xe“(t*_t)+owo(t*_t)e”* M;/V(T*))]
Since t, —t =7 — Ty, we get
(T, T) = E[e‘”*f(sr:e(“+"2/2)(7_7*)erT*MZV(T))].

Thus

r(T—7x) ,u—r+0'2/2)(‘r—7'*)).

vi(T, ) =€ uf(T,xe(

Alternatively, it is simple to derive the same formula using the semi-group prop-
erty of the family (S;)r>o.
Theorem 4.3 thus has the following consequence:
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COROLLARY 4.2. Let ¢ € V(). Then, if f € Cqm and

Voo f (T, T3 T) = Vgocy (T, Y5 Ti)

where x,y € R and 7 > 7, > 0 are fized,

U¢Of(T’ €T T*) S UUJOCa,m (T7 Y3 T*)

5. Extremal Properties of Puts

Given a > 0, we define
Po=(a—0C)".

Stated more explicitly, a function f € P, if and only if f € Lip,,.(RT),0< f <a
and

(,|Vf(@)]) + f(z) < a, ae.
In view of Theorem 4.1 we now have
THEOREM 5.1. Suppose a >0 and let f : R — [0,a[. Then f € Pq if and only if
1 ellélloo
< )
a— f(zet) ~ a— f(x)

In general, the following properties are immediate consequences of either Theo-
rem 5.1 or the very definition of the class P,:

r e RY, (e RY.

(a) P, is convex.

(b) P, CPyifa<b.

(c) ceP,if0<c<a.

(d) APy =Pra, A>0.

(e) 0P, CP,, 0 <0< 1.

(f) Pa+Po € Parto.

(g) f,9 € P, = max(f,g) € P,.

(h) f,g9 € Pa = min(f,g) € Pa.

(i) If T is an n by n permutation matrix or an n by n diagonal matrix with

positive entries, then f(x) € P, = f(Tx) € P,.

(j) Forany i =1,...,m, pp; € P, if and only if b < a.

(k) Forany i =1,...,m, Apg; ¢ Py if A > 1.

(1) feP,if0< f <ais convex.
(m) feP,= €S, f P,

We are now going to introduce slightly larger classes of payoff functions than

the classes Py, a > 0. To this end, let a > 0 be given and suppose f : RT" — [0, a
is a continuous function and set for fixed 7 > 0,

1
g_gT__O'm\/'F

In(1— f/a). (23)
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We shall say that the the function f belongs to the class Pg y, if the function

<I>_1(IP’[gT(xle"1ﬁ<cl’G>, . ,J;me”’""ﬁ<Cm’G>) <s])—s, s>0

is non-decreasing for every x € R and 7 > 0. Here, again, G = (G1,...,Gy)
denotes the standard Gaussian random vector in R™ with stochastically inde-
pendent N (0;1)-distributed components.

We now set, for any f € P m,

Ia(f) =

and have
(1= f/a)A+ L(f)/a) = 1.

THEOREM 5.2. (a) The map I, is a bijection of Pym onto Cq m,.
(b) The restriction map of I, to P, is a bijection of P, onto C,.

PrOOF. Part (a) follows at once from the equations (14) and (23). Moreover
Part (b) is an immediate consequence of Theorems 4.1 and 5.1. O

THEOREM 5.3. Suppose ¥ € V(¢). Then, if f € Pym and
Upo f (T, T) = Ugop,,,, (T5 Y)
where x,y € R and 7 > 0 are fized,
Upof (T, ) < Uypop, ,,, (T, Y)-
PrOOF. Set f* = I,(f) and p}, ,,, = lo(pa,m). Then

af*
f= "
a+ f
and .
» _apg m
YAt

Moreover, we define

as
*(s) = , s>0.
14 (s) (p(a—i-s) 5=

Then
Upof (T, &) = Upof=(T, x)
and
Upopa,m (r,y) = Up*opy (7, y)-
From the definition of the map I, it follows that

a2

+
Hom) = (=), very
m

and using (4) we conclude that

Ugprops , (T,Y) = Uproc, . (T, 2)
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where z € R’ and
2
a2672r'r+0'm'r

Zm =

Ym
The result is now an immediate consequence of Theorem 4.3. This completes
our proof of Theorem 5.3. O

THEOREM 5.4. Suppose a > 0 and let f : R — [0,a] be a payoff function.
Furthermore, suppose

Ugpof (T, ) < Uyop, ,, (T, Y)
forall z,y € R, all 7 > 0, and all ¢ and bounded ¢ such that ¢ € V(p) and

Ugof (T, T) = Ugop, (T, Y)-
Then f € Pam.-

PrROOF. By exploiting the map I, as in the proof of Theorem 5.3 the result
follows at once from Theorem 4.4. O

The next result follows from Theorem 5.3 in the same way as Corollary 4.2
follows from Theorem 4.3.

COROLLARY 5.1. Let ¢ € V(). Then, if f € Py m and

Vgo f (T, 5 Ti) = Vgop (T3 Y5 T)s

where x,y € R and 7 > 7, > 0 are fized,

Vo f (T, %5 T) < Vgopy (T3 43 7).
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Random Points in Isotropic Convex Sets

JEAN BOURGAIN

ABSTRACT. Let K be a symmetric convex body of volume 1 whose inertia
tensor is isotropic, i.e., for some constant L we have [ (z,y)? dz = L?|y|?
for all y. It is shown that if m is about n(logn)? then with high probability,
this tensor can be approximately realised by an average over m independent
random points chosen in K,

Our aim is to prove the following fact:

PROPOSITION. Let K C R™ be a convex centrally symmetric body of volume 1,
in 1sotropic position, i.e.,

/ (z,e;)(x,e;)dr = L?6;; where L = Ly (2 1). (1)
K
Fiz § > 0 and choose m random points x1,...,T, € K, where

m > C(8)n (logn)?. (2)

Then, with probability > 1 — 4,
1 — 2
1-6)L* < — ; 14 6)L?
(=02 < 3 fnlf < 1+9 3)

forally € S™1 =[jy| =1].

We first use the following probabilistic estimate:

LEMMA 1. Let fi,..., fm be independent copies of a random variable f satisfying
/ =1, (4)
[fllgy <O (where 1 (t) =€), (5)

53
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(Here and in the sequel we use ¢ and C' to denote positive constants, not neces-
sarily the same each time.) Let € > 0 and assume B > 1/ say. Then

mes [(1 —e)m < iff <(1 +5)m] >1—e 8™, (7)

=1

PROOF (standard). For real A (to be specified),

/eMzz’;l(fffl)) _ </ e/\(f21)> , (8)

By (4)
2 1 . .
JECEREES oF POy (T o)
Jj=2
From (5) and (6),
Jas 1177 <min(cp®, 1+ BY(CIY). (10)
for each j. Hence, substituting (10) in (9),
/e’\(fQ_l) <14 (CN/(jABY <1+CN (11)
j>2
provided
c
A< (12)

for an appropriate ¢. Thus (8) < (1 + CA2)™ < ¢“’™ and from this fact and
Tchebychev’s inequality

1 G —Ame CA’m —cE€m
mes[‘mig(ff—l) S | < e AmECNIM - —cf (13)
for appropriate A satisfying (12) (and since 1/e < B). O

Recall the important fact (following from the Brunn—-Minkowski inequality) that,
for K convex with Vol K = 1, there is equivalence

16y, M o (rc,a2) ~ 19> 2| L2 (k¢ am) (14)
(with an absolute constant). Hence, in our situation
1y, )l Lo (x,az) < OL i Jyl = [lyll2 < 1. (15)
It follows that
mes[z € K | |z| > ALvn] <e 9 for A> 1. (16)

The next estimate may be refined significantly in terms of an estimate on the
(?-operator norm (see remark at the end) but for our purposes the following
cruder form is sufficient.
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LEMMA 2. Let K be as above and x1,...,x,, random points in K. Then, with
probability > 1 — 9,

S

i€l

< C(5) L logn(|E|Y?n!/? +|E|) (17)

holds for all subsets E C {1,...,m}.
Proor. Write

= lmlP+2 > (wi,)). (18)

i€E i#j
i,jEE

S

i€E

From (15), we may clearly assume
|z;| < CLlogny/n forall i=1,...,m.

Hence the first term of (18) may be assumed bounded by C L?(logn)?n|E|.
To estimate the second term of (18), we use a standard decoupling trick.
We can find subsets Eq, Ey of E satisfying E1 N Es = &, |E1| > |Esl, and

Z <J)i,l‘j> < 4 Z <l‘i, Z $]>’ (19)

i#j,1,j€EE i€k, JjEE>

Hence we are reduced to bounding expressions of the form (19).

Rewrite
> <%Z%>’= > D [, ()] (20)
i€F, JEES JEES i€l
where
_ JEEs . ) _
yE2(x)— Sy ; thus \yE2|—1. (21)
JEE2

Observe that the system (z;);ecp, is independent of Yp,» since £1 N Fy = @. Fix

size scales |E1| ~mq, |E2| ~mao, m > m3 > ma > 1.
Thus for fixed my > mq, (E1, F3) run over at most m

{1,...,m}. For given y, |y| = 1, (15) easily implies that

/e% Ziew [l TT da; < 2B, (22)

i€F,

Cm1 pairs of subsets of

hence, for p > C,

D @iy, (@) > pL|Er|| <Pl (23)
i€ Fy

mes |:(-ri)1§i§m c K™
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Consequently, from (20) and the preceding, we may write

3 <xZEx> S

i€E; jeE;
for all |E1| ~ Mmi, ‘E2| ~ ma2, EiNE,=92 provided

< nL|E| (24)

mC™ eThM < 2™ thus p ~ logm ~ logn. (25)

Thus, letting p ~ logn, (24) may be assumed valid for all By, E5 C {1,...,m}
with E1 N E2 =J.
Substituting (19), (24) in (18) thus yields, for all E C {1,...,m},

2

Zml < CL*(logn)*n|E|+ CL(logn)|E| max Z z; (26)
i€EE JEE>
and (17) immediately follows. O
PROPOSITION. Fiz § > 0 and choose random points x1,...,x, € K, with
m > C(6)n(logn)®. Then with probability > 1 —§
(1-6)L* < 1 i [z, )2 < (14 8)L* for all ye S™! (27)
m — (2] M

PROOF. Restrict y to a %—dense set Fs in the unit sphere S™~1, #F5 < (%)n
Fix y € F and define

l .
f:fy(l,):{LKzayH if |<x,y>| < Ci(logn) L, (28)
0 otherwise
(with C4 to be specified).
Thus
1
- /f2 _ 7/ (2, ) Pde < e~ losm. (29)
L2 Jkol()>C1 (ogn) L]
Applying Lemma 1 with B = Cylogn, e = 1%, it follows that for a random choice

T1,..., &y, of points in K, with probability > 1 — e~c(e/logn)m

/f25<;zm:fy(xi)2<</f2+e>; (30)

hence, by (28) and (29),
<e+ (1—/f2> <2e. (31)

1
5

1
‘1 T I2m Z{(xz,y>2 | {zs,y)| < C1L logn}

Letting
1
(%)"6—0(6/108;")’” <1, ie,m2 z log —(logn)n, (32)

we may then assume (31) for all y € Fs.
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On the other hand, from Lemma 2, a random choice {z; |[i =1,...,m} of m
points in K will also with probability > 1 —§ satisty (17) for all E C {1,...,m}.
This permits to estimate #Eg, where for given y satisfying |y| =1,

Eg:Eﬁ(y)Z{iZL...,m||<I¢,y>|>6}, 68 >C4 (logn)L (33)

Indeed, it follows from (17) that

1B|Es| < C'Llogn (|Es|"*n'/? + |Eg)) (34)
hence
L?(logn)?n

from the choice of 8. Consequently

1 1
2 > {(@ny)? | @i )| > Cy Llogn} < T2, > 3| B

n>B>Cq Llogn

B dyadic
0

C(6) (logn)> = < 36

<OW) logn L < 2 (30)
by the choice of m.

Finally, combining (36) and (31), it follows that for all y € Fj
1 & ) 5§ 6
L= ;(:U“y) <2%+15<3 (37)
and therefore also (27). O

REMARK. By refining a bit the method of proof of Lemma 2, one may obtain
the following result: Let x1,...,x, be a choice of n independent vectors in R™
according to a probability measure p on R™ satisfying

1 o
[RCT] (o)) < 7 for all y € S™~1. (38)

Then, with probability > 1 — 4, one gets for the matrix (z1,...,z,) the bound

(w1, 20l Bez) < C(6) (/ (112?<xn|xi|>du+ 1>. (39)

This is the same estimate as one would get assuming an L¥?-bound

1 _
1zl ., (o)) < 7 for y € S"1 (40)

instead of (38).
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Threshold Intervals under Group Symmetries

JEAN BOURGAIN AND GIL KALAI

ABSTRACT. This article contains a brief description of new results on thresh-
old phenomena for monotone properties of random systems. These results
sharpen recent estimates of Talagrand, Russo and Margulis. In particular,
for isomorphism invariant properties of random graphs, we get a threshold
whose length is only of order 1/(logn)?~¢, instead of previous estimates
of the order 1/logn. The new ingredients are delicate inequalities in the
spirit of harmonic analysis on the Cantor group.

A subset A of {0,1}" is called monotone if the conditions z € A, z’ € {0,1}"
and z; <} for i =1,...,n imply 2’ € A. For 0 < p < 1, define p, the product
measure on {0, 1}" with weights 1 — p at 0 and p at 1. Thus

m({z}) =L —p)"7p) where j=#{i=1,....n|z =1} (1)

If A is monotone, then p,(A) is clearly an increasing function of p. Considering
A as a “property”, one observes in many cases a threshold phenomenon, in the
sense that p1,(A4) jumps from near 0 to near 1 in a short interval when n — oo.
Well known examples of these phase transitions appear for instance in the theory
of random graphs. A general understanding of such threshold effects has been
pursued by various authors (see for instance Margulis [M] and Russo [R]). It turns
out that this phenomenon occurs as soon as A depends little on each individual
coordinate (Russo’s zero-one law). A precise statement was given by Talagrand
[T] in the form of the following inequality.
Define fori =1,...,n

A ={ze{0,1}" |z € A, Uz & A} (2)

where U;(x) is obtained by replacement of the i-th coordinate x; by 1 — z; and
leaving the other coordinates unchanged. The number p,(4;) is the influence of
the i-th coordinate (with respect to p,). Let

y= sup fpp(4;). (3)

i=1,...,n

59



60 JEAN BOURGAIN AND GIL KALAI

Then
dpp(4) log(1/7)
>c
dp p(1 —p)log(2/p(1 - p)
where ¢ > 0 is some constant.
A simple relation due to Margulis and Russo is

ﬁj2m;;Mum. (5)

) tp(A) (1 - MP(A))’ (4)

As the right side of (5) represents the sum of the influences it follows that a
small threshold interval corresponds to a large sum of influences. In [T}, (4) is
deduced from an inequality of the form

- fip(As)
() (1 = () < Cp) Y. — P B
A=) £ €00 17, ()
The proof of this last inequality relies on the paper by Kahn, Kalai and Linial
[KKL], where it is shown that always

(6)

logn
sup p1/2(4i) > ¢ 81 (7)
1<i<n n

Friedgut and Kalai [FK] used an extension of (7) given in [BKKKL] to show that
for properties which are invariant under the action of a transitive permutation

group the threshold interval is O(1/logn) and proposed some conjectures on the
dependence of the threshold interval on the group.

Our aim here is to obtain a refinement and strengthening of the preceding in
the context of “G-invariant” properties. Let f be a 0, 1-valued function on {0, 1}
and G a subgroup of the permutation group on n elements n = {1,2,...,n}. Say
that f is G-invariant provided

f@, . 2n) = f(@rq), .o, Za(ny) forall ze{0,1}",7€G.
Given G, define for 1 <t <n

P(t) = da(t) = séﬁg\:t log(#{n(5) | 7 € G})

and for all 7 >0
0r(G) = sup{a(t) | o(t) > 1147},
Observe that since ¢(t) < log("}), necessarily a-(G) < (log n)/r.

THEOREM 1. Assume G transitive and A a monotone G-invariant property.
Then for all 7 >0

d,up(A)
dp

provided p(1 — p) stays away from zero in a weak sense, say

log(p(1 —p))_l < loglogn.

> crar(G) pp(A) (1 — pp(A)),
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It follows that in particular the threshold interval is at most

Cra-(G)™ forall 7>0.

Previous results as mentioned above only yield estimates of the form (logn)~*

and the main point of this work is to provide a method going beyond this. For
crossing the (logn)~! bar we need a complicated harmonic analysis argument.
This may be useful in related combinatorial problems.

Theorem 1 is deduced from (5) and the following fact, independent of mono-
tonicity assumptions.

THEOREM 2. Assume that A is G-invariant and (12) holds. Then for all 7 > 0

S ipl(As) > ran (@) iy (A) (1~ pp(A)).

For primitive permutation groups Theorem 1 and the excellent knowledge of
primitive permutation groups [C, KL] (based on the classification theorem for
finite simple groups) imply a close to complete description of the possible thresh-
old interval of a G-invariant property, depending on the structure of G. (Recall
that a permutation group G C S, is primitive if it is impossible to partition n
to blocks By, ... B, t > 1 so that every element in G permute the blocks among
themselves.) It turns out that there are some gaps in the possible behaviors of
the largest threshold intervals. This interval is proportional to n~'/2 for S,, and
A,, but at least log ™2 n for any other group. The worst threshold interval can be

proportional to log™“n for ¢ belonging to arbitrary small intervals around the
3 4 5

5 29 35 40

in an arbitrary way. This (and more) is summarized in the next theorem. First

following values: 2 .., or for ¢ which tends to zero as a function of n

we need a few definitions. For a permutation group G C S, let

Tg(e) = sup{q —p: pup(A) = &, ug(A) =1 —¢},

where the supremum is taken over all monotone subsets of {0,1}" which are
invariant under G. A composition factor of group G is a quotient group H/H’
where H is a normal subgroup of G and H’ is a normal subgroup of H. A
section of G is a quotient H/H’ where H is an arbitrary subgroup of G and H’
is a normal subgroup of H.

THEOREM 3. Let G C S, be a primitive permutation group.

1. If G =S, or G = A, then Tg(e) = log(1/¢)/n'/2.

2. If G# S, Ay, Ta(e) > c1log(1/e)/log? n.

3. For every integer r > 0 and real numbers 6 > 0 and ¢ > 0, if Tg(e) <
colog(1/e)/(logn) XY+ then already

Te(e) < e3(6) log(1/2)/(log )1 H1/7=0).

4. If G does not involve as composition factors alternating groups of high order
then T (e) > log(1/€)/ log nloglogn.
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5. Letn = (") and G is Sy, acting on r-subsets of [m]. Then for every § > 0
(log(1/2)/log /=W n) < Tg(e) < e(6)(log(1/e)/log /=D )
6. For G = PSL(m,q) acting on the projective space over Fy, for fized g,
Ta(e) = O(log(1/¢€)/log nloglogn)

7. For every function w(n) such that logw(n)/loglogn — 0 there are primitive
group G, C Sy, such that Tg, (€) behaves like log(1/e)/logn - w(n).

8. For every w(n) > 1 such that w(n) = O(loglogn) there are primitive group
G, C S, which do not involve alternating groups of high order as composition
factors such that Tg, () behaves like log(1/€)/(logn - w(n)).

9. If G does not involve as sections alternating groups of high order then Tg(g) >

O(log(1/e)/logn).

The preceding yields a particularly satisfying result on the size of the maximal
threshold for monotone graph properties. In the particular case of monotone
graph properties on N vertices, we get n = () and G is induced by permuting
the vertices. One gets essentially

H(t) ~ log ( 55)

in this situation and the conclusion of Theorem 1 is that any threshold interval
is at most C; (log N)~2*7, with 7 > 0. This is essentially the sharp result, since,
fixing M ~ log N, the property for a graph on N vertices to contain a clique of
size M yields a threshold interval ~ (log N)~2.

More details and the proofs appear in [BK].
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On a Generalization
of the Busemann—Petty Problem

JEAN BOURGAIN AND GAOYONG ZHANG

ABSTRACT. The generalized Busemann—Petty problem asks: If K and L are
origin-symmetric convex bodies in R™, and the volume of K N H is smaller
than the volume of L N H for every i-dimensional subspace H, 1 < i < n,
does it follow that the volume of K is smaller than the volume of L? The
hyperplane case i = n—1 is known as the Busemann—Petty problem. It has
a negative answer when n > 4, and has a positive answer when n = 3,4.
This paper gives a negative answer to the generalized Busemann—Petty
problem for 3 < ¢ < n in the stronger sense that the integer i is not fixed.
For the 2-dimensional case i = 2, it is proved that the problem has a positive
answer when L is a ball and K is close to L.

1. Introduction

Denote by vol;(-) the i-dimensional Lebesgue measure, and denote by G,
the Grassmann manifold of i-dimensional subspaces of R™. The generalized
Busemann—Petty problem asks:

GBP. If K and L are origin-symmetric convez bodies in R™, is there the impli-
cation

vol;(K N¢) <vol;(LNE), YE€G, = vol,(K)<vol,(L)? (1.1)

The case of ¢ = 1 is trivially true. The hyperplane case ¢ = n — 1 is well-known
as the Busemann—Petty problem (see [BP] and [Bu]). Many authors contributed
to the solution of the Busemann—Petty problem (see [Ba] [Bo] [G1] [Gia] [Gie]
[GR] [Ha] [Lu] [LR] [Pa] [Z1]). The problem has a negative answer when n > 4
(see [G1], [Pa] and [Z2]), and it has a positive answer when n = 3,4 (see [G2]
and [Z4]). The notion of intersection body, introduced by Lutwak [Lu], plays an

1991 Mathematics Subject Classification. Primary: 52A20; secondary: 52A40, 53C65.
Key words and phrases. Convex body, geometric inequality, cross section, Radon transform.
Research supported in part by NSF Grant DMS-9304580.
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important role in the solution of the Busemann—Petty problem. It relates to the
positivity of the inverse spherical Radon transform.

Because of the special feature of the answer to the Busemann—Petty problem,
it is interesting to comnsider the generalized Busemann—Petty problem. What
are the dimensions of cross sections and ambient spaces so that the generalized
Busemann—Petty problem has a positive or negative answer? By introducing
the notion of i-intersection body and using techniques in functional analysis and
Radon transforms on Grassmannians, it is proved in [Z3] that the answer to the
generalized Busemann—Petty problem is equivalent to the existence of origin-
symmetric convex bodies which are not i-intersection bodies. When 3 < i < n,
we give a negative answer to the problem. The argument shows that cylinders
are not i-intersection bodies if 3 < i < n. We also give a partial answer to the
case of 2-dimensional sections. We remark that one of the results in [Z3] that no
polytope is an i-intersection body is not correct.

It is shown in [Z3] that the generalized Busemann—Petty problem has a pos-
itive answer if K is an i-intersection body, in particular, if K is a ball in R™.
However, when L is a ball, the generalized Busemann—Petty problem may still
have a negative answer. For instance, Keith Ball observed that one can con-
struct counterexamples by using the techniques in [Ba] and letting K = the unit
cube, L = a ball of appropriate radius when n and ¢ are sufficiently large. We
prove that, when L is a ball and K is sufficiently close to L, the generalized
Busemann—Petty problem of 2-dimensional sections has a positive answer. The
result is contained in the following theorem.

THEOREM 1.1. Let K be a centered convex body and let B,, be the standard unit
ball in R™. There exists 5y > 0 which only depends on the dimension so that if
dist(K, By,) < 0 then

volo (K NE) <vola(B,NE), VE€Gy, == vol,(K)<vol,(B,).

Let w, be the volume of B,. By the homogeneity of the inequalities in the last
implication, we obtain the following corollary.

COROLLARY 1.2. Let K be a centered convex body in R™. There exists §g > 0
which only depends on the dimension so that if the distance of K to a ball is less
than &g, then

2
n

vol, (K)* < ™ max voly(K NE). (1.2)
T £€Gan
Inequality (1.2) is proved for any centered convex bodies in R? in [G3]. It might
be still true for any centered convex bodies in all dimensions as well.

Note that, for the generalized Busemann—Petty problem, the dimension i of
sections in the implication (1.1) is fixed. It is natural to ask what will happen if
the dimension ¢ of sections is not fixed but takes different values. We would like
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to thank V.D. Milman who brought our attention to this question. Our answer
is contained in the following theorem.

THEOREM 1.3. There exist centered convex bodies of revolution K and L so
that, for all 3 <i < n,

VOli(K N 5) < VOli(L N 6)7 V§ € Gi,na
but
vol, (K) > vol,(L).

This result is best possible in the class of convex bodies of revolution. It is proved
that, if K is a centered convex body of revolution, then

vol;(KN¢) <vol;(LNE), YE€Gin, = vol,(K)<vol,(L),

when i = 2, or 3. See [G1], [Z22] and [Z3].

The proofs of Theorems 1.1 and 1.3 use the tools of Radon transforms on
Grassmannians. We give definitions and basic facts of the Radon transforms for
later use.

Let C.(S™!) be the space of continuous even functions on the unit sphere
S"~1. and denote by C(G; ) the space of continuous functions on G;,. The
Radon transform, for 2 <i<mn—1,

Ri: Ce(S"1) — C(Gin)

is defined by

(Rif)(E) = - / fu)du, €€ Gin, feC(S™D),
ueSn—1Ng

iwi
where w; and du are the volume and the surface area element of the i-dimensional

unit ball, respectively.
Let px be the radial function of a centered convex body K in R™ given by

pr(u) =max{\>0:  ue K}, uesS" '

The Radon transform R; is closely connected with the central sections of
centered bodies by the following formula

. 1
(Ripk) (&) = Jvoli(K Nn¢), €€Gin. (1.3)
The dual transform Rf of R; is the map C(G;,,) — Ce(S™™1) given by
R = [ g@ds ues geCGua)
uEEEGi,n

We have the following duality [He, pp. 144 and 161]:

<R1fa g> = <f’ R§g>’ f € Oe(Snil)v ge O(Gi,n)a (14)

where (-, -) is the usual inner product of functions in homogeneous spaces.



68 JEAN BOURGAIN AND GAOYONG ZHANG

2. Two-Dimensional Sections

In this section we give the proof of Theorem 1.1. One technical part of the
proof is to approximate arbitrary convex bodies by smooth convex bodies quan-
titatively. We use convolutions on the rotation group SO(n) of R™.

Let G be a compact Lie group. Let C(G) be the space of continuous functions
on G with the uniform topology. For f, g € C(G), the convolution fxg € C(G)
of f and g is defined by

(f * 9)(u) = / f o) o = / W) o

where dv is the invariant probability measure of G.
Associated with a convex body K is its support function hx defined on S™~1
by

hi(u) = max{(u,z) :x € K}, ueS"

where (u,x) is the usual inner product of v and x in R™. The polar body K* of
K is defined by

K*={xeR": (z,y) <1lforall y € K}.
Its support function is given by
hK*(u) :pl_(l(u)a uesnil'

If hx is the support function of K, and f is a positive function on SO(n), then
f*hg is the support function of another convex body. Moreover, the convolution
preserves the symmetry of the convex body. For a proof of this fact and more
details on convex bodies and convolutions, see [GZ].

LEMMA 2.1. Let G be a compact Lie group of dimension m. If f is Lipschitz
continuous on G, then there exists dg > 0 which depends only on G and the
Lipschitz constant of f, so that for any d < &g there exists C°° positive function
ds satisfying

5 f = f1 <0, s * fllo= <0 ™2

PrOOF. Let Bs be the geodesic ball of radius § at the unit of G. Let ¢ be a C*
nonnegative function which is strictly positive inside Bs /o but is zero outside Bs.
Let exp : T.G — G be the exponential map. Condiser the C*° function

os(x) = aé_lgﬁ(exp(é*l expfl(x))),
where a5 = [, ¢(exp(6~ " exp~!(z))) dw. When § is small,
as ~ cd™, (2.1)

for some constant c.
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Since f is Lipschitz continuous, we have

|5 % f(x) — fa)] =

[ stwsmas— [ ssts dy'

G G

< [ 6s0)lf o) = f@)]dy < o (2.2)
G

From the following equalities,
05 f(@) = [ sty ™)@ dy=a;" [ o(expl6™ exp oy ) w) do
G G

the second order derivatives of ¢s * f yield a factor §~2. Therefore, when § is
small (depending on the upper bound of f), (2.1) gives

g5 * fllez < e2d™ ™2 (2.3)

Note that ¢; and ¢y only depend on G and the Lipschitz constant of f. From
(2.2) and (2.3), the required inequalities follow immediately. O

LEMMA 2.2. Let K be a centered convex body in R™. There exists dg > 0 which
only depends on the dimension and the diameters of K and its polar body, so that
for any & < &g there exists a centered convex body Ks with C*° radial function
pPK, so that

‘sz - PK| <9, ||pK5HC2 <9 : (2'4)

ProoF. Consider the support function kg« of the polar body K* of K. Since the
sphere S"~1 = SO(n)/SO(n — 1) is a homogeneous space, the support function
hg+ on 8"~ ! can be viewed as a function on SO(n). From Lemma 2.1, for any
0 < 6o there exists C'*° function ¢s so that

|¢6*h‘K* _hK* 2 < 6_m_3’

where m = dim SO(n) = 4 (n? — n). The number &, depends on the dimension

and the Lipschitz constant of hx+«. Since the Lipschitz constant of hx+ depends
only on the dimension and the diameter of K*, the number §y only depends on
the dimension and the diameter of K*.

Define a centered convex body Kj; by

< 67 ||¢§ *hK*

p]_((l; = hK; = ¢5 * hK*.
Therefore, pg, is C* and satisfies the inequalities
ok — pE | <6, llpgillez <6772,

By using the fact that the function pg, and its first order derivative are bounded
by a constant depending on the diameter of K, we conclude (2.4) from the last
two inequalities. (|
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We will use the symbol < which means that the expression on the left-hand side
of the symbol is less than the expression on the right-hand side by a constant
factor depending only on the dimension.

LEMMA 2.3. Let F be a uniform Lipschitz function on S"~1. If, for 0 < 6 < 1,
[RoFl2 <4, (2.5)

then
1Pl S 67F5. (2.6)

PRrOOF. Consider the spherical harmonic expansion of F, F =Y Yj. Then

IRl ~ (3K I¥IE) (2.7)

where ~ means that the quantities on both sides of it are bounded by each other
with constant factors depending only on the dimension. See [St].
For 0 <r <1, let

PTF = Z TkYk.

Since the Lipschitz constant of F' is uniformly bounded on S™~!, we have
IPF = Fllo S (1=7)2. (2:8)

See [BL].
From (2.7) and (2.5), we obtain

1P Flloe < D r | Yilloo £ 3 rF k% || Vil
S (SRR IRoFlle S (- r) 57, (2.9)

Thus by (2.8), (2.9) and choosing r =1 — 5753, we have
1Flloe S (1—7)% + (1—7)"3715 < o5,
This completes the proof. O

PRrROOF OF THEOREM 1.1. Consider the ratio

() = (o

Choose the invariant probability measures on the sphere S”~! and on the Grass-
mannian Gs ,. From (1.4), we have

Valf) = [ o = [al®sRe) I (Rari) (210)
The implication in Theorem 1.1 becomes

Va(KNE) <1, €€Gy, = Vo(K) <1 (2.11)
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Assume that

Vo(K) > 1,
. 2.12
KD €1, €< Gam (212

and
dist(K, B,,) = 6o > 0. (2.13)
From Lemma 2.2, there exists K7 such that
2

lpk, = pr| <0, lpg,llez <67, (2.14)

where § = 6J', and N is a constant to be chosen which only depends on the
dimension.
Apply (2.10) to K;. Then by (2.12) and (2.14) we have

Valk) + 08) = [ IRalRiRa) o3| (Rard, ). (2.15)
and
/R2<R§R2) lpTIL(12 —/pm > ( /)Kl)
= V(K5 * y o(d) <V, + o(9). (2.16)
From (2.15) and (2.16), we obtain
0(5) < /[RQ(R%RQ) 1pTIL(12](R2P%(1 - 1). (2.17)
The assumption (2.13) gives
lpx — 1| < do, (2.18)
|PK1 - 1| S 2(50 (219)
Hence .
IV Il < 66 - (2.20)

A proof of the last inequality can be found in [Bo]. From (2.20), one has

v(o- [ oi?)

If B5_,, extends a function on S"~! to a homogeneous function of degree 2 — n
in R™, and S restricts a function in R™ to S™ !, then,
<0G

S(—Agn)2Es_y, (p’;g? - / p?(f)
BMO

Use here the fact that L°°-control on the tangential derivative yields BMO-
control on the normal derivative.
By (2.14), the inequality (2.21) implies

1
< og.

~

(2.21)

[T

HS(ARn)éEQ_n (p;;;? - / p;g?> H < 68 log(67" /62) < 63
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The last inequality used the fact that the constant N only depends on the di-
mension. Since S(—Agn)2E;_, = (R5Ry)~! (see [St]), it follows that

1
I(RLRe) (2 — / 7)o < 63 (2.22)
From (2.18) and (2.22), we have
T — n— i
I(R5R2) 05 2 = 1loo = [[(R4R2) '} % — / P 2 llos +0(80) S 6. (2.23)

It follows in particular from (2.23) that

1
3 < Ra(R4Rs) 'l 2 < 2. (2.24)
Assumption (2.12) means that
Rop? < 1. (2.25)
Tt follows from (2.17), (2.24) and (2.25) that
JRa(RoR) 12101 -~ Rapf) < o), (2.26)
[ 1= Rapi] < of0) (2.27)

By Lemma 2.3, this yields for small g
N
8o ~ 11 = piclloc < 657, (2.28)

Hence, for N large enough, a contradiction follows. Therefore, the assumption
(2.12) is impossible, and the implication (2.11) is true. This completes the proof.
|

3. High-Dimensional Sections

In this section we give a proof for Theorem 1.3. The following lemma gives
the the Radon transforms of functions which are SO(n — 1) invariant.

LEMMA 3.1. Let g be a continuous function on S™~1 which is SO(n — 1) invari-
ant. Then

z 2.0\ T
Rig(u) = Cs;bA 9(v) (1 - ZZZ??;) sin 4 da (3.1)
/ gdv = co /5 g(v)sin™ "2 dap, (3.2)
gn-1 0

where ¢ and ¥ are the angles of the unit vectors u and v with the x,-axis,
respectively.

PrOOF. The proof of formula (3.1) is similar to that of Lemma 2.1 in [Z1]. See
also Lemma 8 in [Z2]. (3.2) follows from the spherical coordinates. ]



ON A GENERALIZATION OF THE BUSEMANN-PETTY PROBLEM

73
LEMMA 3.2. There exist a convezr body K and a C* function g so that

Ri(p3 "9) <0, (i ".9) >0, (3.3)
for all integers 3 < i < n.

ProOF. Consider a convex body of revolution K. From (3.1) and (3.2), the
inequalities in (3.3) become

3 , 29\
[ oty (1= 2552 snvan <o (3.0

/0 C () () sin™ 2 g dip > 0.

We need to choose K and g so that the last two inequalities are satisfied.
Let K be a cylinder. Then

prc () = @ P < < g

for some 11 > 0. Choose g so that g(¢) = 0 when 0 <t < 4;. Then (3.4) and
(3.5) can be written as

/jg(w (1—(308%

p— ¢> sin® " diyp < 0,

(3.6)
/E gW)sin? Ydy >0, P <¢ < g (3.7)
Let cost = t. Then (3.6) and (3.7) become
JC0) (1 - t) (1-)'F dt <0 (3.8)
0 T
and o
[ stwea-easo o<o<a, (3.9)
0
where 1 = cos ).
Let f(t) = g(4(t))(1 — t2)2. We write (3.8) and (3.9) as
x $2 _ t2 1;3
/0 f(?) (1—t2> dt <0 (3.10)
and o
/ f@)dt>0, 0<z<u. (3.11)
0
Let

i—3
2 2 2
e —t
t = .
9(t, @) (1—t2>
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When i > 3, g(t, z) is strictly decreasing for ¢ € [0, z]. Choose f(t) such that

fit) <0 if 0 <t <z,
f(t)>0 if(E0<t<(E1
fO)=0 ifzy <t<1,

and
/ ft)dt=0.
0

It follows that
/0 (gt z) di = / F(Hg(t,z) dt + / (g,
< / " F(t)g(wo, a) de + / gt )

= g(xo, ) /OI f(t)dt <O0.

By a small perturbation of f, there is

/Oz F(t)g(t, ) dt < 0

and

T
/ f)ydt>0, 0<z<u.
0

Therefore, one can choose f so that (3.10) and (3.11) are true. This proves the
lemma. g

PrOOF OF THEOREM 1.3. By the Lemma 3.2, there is a C'*™ convex body K of
positive curvature and a C* function g on S™"~! so that for all 3 <i < n,

Ri(pictg) <0, (o g) > 0.

Define a centered convex body of revolution K. by
Pi. = Pi + €9,

for € > 0 small. We have
n

V(K. - V() =

(i g)e + ole),

voli(K= 1) = voli(K N €) = TRi(pic 0)(©)= +0(e).

Therefore, when ¢ is small enough, we have V(K.) > V(K) and

vol; (K- N &) < vol;(K N¢), VEEGin, 3<i<n. 0
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Isotropic Constants of Schatten Class Spaces

SEAN DAR

ABSTRACT. We study the value of the isotropic constant of the unit ball in
the Schatten class spaces Cp. We prove that, for 2 < p < oo, this value
is bounded by a fixed constant, whereas for 1 < p < 2 it is bounded by
¢ (logn)t/P=1/2 where ¢ is a fixed constant.

The isotropic constant of a convex symmetric body K C R? is a highly im-
portant quantity. One of its equivalent definitions is

1 1
— min ———— [ ||Tu|2d
K TEHA;ILn(d)\/alKl/d\/|K|/I(” UH2 u,

where |K| stands for the volume of K and | - ||z is the usual Euclidean norm.
See [MP] for other formulations and a full discussion.

Estimation of Lk is one of the central problems on the border between local
theory and convexity. Bourgain [Bo] has shown that Lx < d'/*logd for any
K c R%, where by A < B we mean that A < ¢B for some universal constant
c. He also raised the problem of universal boundedness of the isotropic constant
independent of the dimension.

Till now there was no improvement of Bourgain’s result in the general case,
but boundedness of the isotropic constant was established for some families of
bodies (see [MP,Ba,J1,J2], for example), covering the unit balls of most of the
classical spaces.

The case of the Schatten class spaces C}, however, was left out.

In [D] we showed that L Bep < Vlogn. Here we extend the result to all values
of p using a simpler argument.

First we shall recall the definiton of the Schatten class spaces. If w is an
n X m matrix, u*u is a positive definite symmetric matrix, i.e., orthogonally
diagonalizable with nonnegative eigenvalues 71 > 79 > ... > n, > 0. Set
Ai(u) = y/n;. The numbers A;(u) > Ao(u) > --- > Ay(u) > 0 are called the
characteristic values of u.

7



78 SEAN DAR

The Schatten class space Cp is the n2-dimensional space of all n x n real
matrices equipped with the norm [|uflcs = (3072, N (u)P)H/P.

We'll denote by K, the unit ball of . It is well known (see [TJ], for example)
that [K,[1/"" ~ 1/n(/2+1/p),

PROPOSITION. For 2 <p < oo, Lk, is bounded by a universal constant.
For1<p <2, we have Ly, < (logn)/P)=(1/2),

Proor. For 2 < p < oo, we have

K, c nWA-Wn K, ~\n 2K, ‘1/n B 2

Hence

1 1 1
Ly, < e [ s [ [ el dus,
V2| K|t/ \/|Kp| K, ? |Kpl JK, Ko

Our treatment of the case 1 < p < 2 will rely on the following fact:

2ptlogn e=1/2
For any t > 1, ’ p\(p g ) Bl

1
n’ NTLQ@T)HKPL (%)

Before proving this, let’s see that it implies the desired result. Indeed,

1/” 24 / | K \ 7B,z !2d
— ullz du = ———=—2rdr
Kol Jre, 0 ||
2plogn 2(1/1’_1/2)2 1 1
- 2G-3)

‘K \ 2ptlogn)1/p 1/23 2|
></ B 42/n)=2 gy
0 ||

2(1/p—1/2) o0 4(2/p)—2
< <2plogn) 2(1_1) 2+/ t dt
n P 2 9 nt—2)n

2(1/p—1/2
o (R i gy
n

Therefore, Ly, < (logn)t/P=1/2,

It remains to prove (x):

Any u € K, can be decomposed as w+ (u—w) in such a way that w is a rank-
one operator with norm A;(u) not greater than 1 and v — w has characteristic
values Ao (u), ..., A\, (u),0.

Ifue K,\ (22sn)/P=1 2B ) then

e’

||u||2/2 ’ <2ptlogn>1/P
n b
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so we’ll have

1/ 2pt log n\1/P 2tlogn
= wlly = (July = Au(w)?)7” < (1= FEE) T <1

n n
for this rank-one operator w € K.

Now take a 10%—net N for Byy. This can be done with

2 \" 2n \"
<|14++—) =1(1 .
V=< < + 10%") < +logn>

Then N ®@ N is a 210%-net for the rank-one operators with norm at most 1,
so we have

2pt logn\1/P—1/2 2(t —1)logn
Kp\(7> By C U w+(1f7)Kp .

n wEN QN "

Hence

2pt logn) 1/p=1/2
n

<IN ON (1,w)" K|

n
2n \2" 1
< (1 + logn) 2(—Dn | K|
1

ez Kal;

‘Kp\< B,

N

and we are done. O

Added in proof. Boundedness of the isotropic constant of the Schatten classes
was very recently established using more complicated methods by H. Konig, M.
Meyer and A. Pajor.

References

[Ba] Ball, K. Isometric problems in [, and the sections of convex sets, Ph.D.
Dissertation, Trinity College, Cambridge, 1986.

[Bo] Bourgain, J. On the ditribution of polynomials on high dimensional convex sets,
pp- 127-137 in GAFA Seminar 1989-90, Lecture Notes in Math. 1469, Springer,
1991,

[D] Dar, S. Remarks on Bourgain’s Problem on Slicing of Convex Bodies, in Operator
Theory: Advances and Applications 77, 1995.

[J1] Junge, M. Hyperplane conjecture for subspaces of I, preprint, 1991.

[J2] Junge, M. Proportional subspaces of spaces with unconditional basis have good
volume properties, in Operator Theory: Advances and Applications, 77, 1995.

[MP] Milman, V. D. and Pajor, A. Isotropic position and inertia ellipsoids and zonoids
of the unit ball of a normed n-dimensional space, pp. 69-109 in Geometrical aspects
of functional analysis, Israel Seminar, 1987-88, Lect. Notes in Math. 1376, Springer,
1989.



80 SEAN DAR

[TJ] Tomczak-Jaegermann, N. Banach-Mazur Distance and Finite-dimensional
Operator Ideal, Pitman Monographs 38, Longman, London, 1989.

SEAN DAR
DEPARTMENT OF MATHEMATICS
TEL Aviv UNIVERSITY
RAYMOND AND BEVERLY SACKLER FACULTY OF EXACT SCIENCES
RamAT Aviv, TEL Aviv 69978
ISRAEL
sean@math.tau.ac.il



Convex Geometric Analysis
MSRI Publications
Volume 34, 1998

On the Stability of the Volume Radius

EFIM D. GLUSKIN

ABSTRACT. The volume radius of a given n-dimensional body is the radius
of a euclidean ball having the same volume as this body. We prove that
the volume radius of a given convex symmetric n-dimensional body with
diameter at most 4/n is almost equal to the volume radius of a body ob-
tained by the intersection of this body with n other bodies whose polars
are bounded by 1 mean width.

In the last decade, interest in the problem of bounds for volumes of convex
bodies was renewed mainly because of its applications to Banach Space Geometry
and related topics. At the end of the 80’s sharp bounds for volume radius
of convex polytopes with given distance between antipodal faces were found
independently by several authors: Carl and Pajor [1], Bourgain, Lindenstrauss
and Milman [2], Gluskin [3]. Closely related results were obtained by Vaaler [4],
Dilworth and Szarek [5] and Bardny and Furedi [6]. See also Ball and Pajor [7]
where, following Kashin’s conjecture, the problem was considered as a limiting
case of a series of Vaaler-type results. Moreover in [3] it was observed that the
volume radius of a unit cube has a certain stability property with respect to
cutting the cube by a sequence of bands (see Proposition 1 below for the exact
formulation). Some of Kashin’s ideas enabled us to use this property for an
alternative proof of Spencer’s theorem [8] on a lacunary analogue of the Rudin—
Shapiro polynomials (see [3]). Later Kashin [9] used the same approach for finite
dimensional analogues of Menshov’s correction theorem.

Here we continue to study this property. We show that it holds not only for
cubes but also for a wide class of bodies. It is then observed that the condition
on the width of the bands which appeared in [3] is very close to Talagrand’s
[10] description of bounded Gaussian processes. This observation permits us to
restate the result in an invariant form which is more convenient for application.
Moreover the result of [3] is extended to the intersection of a given body with a
sequence of cylinders. This is made possible by a suitable generalization of the
Khatri-Sidak theorem [11, 12].

Supported in part by the United States — Israel Binational Science Foundation.
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We denote by |z| the standard Euclidean norm of z € R™. The unit ball of
R™ is denoted by D,,, where

D, ={zx eR": |z| <1}

We say that a convex body V' C R" is absolutely convex if V = —V. For such a
body and x € R"™ one defines ||z||y by setting

lz[lv =inf{A e Ry :z € AV}

A linear operator S : R — RF is called a partial isometry if |Sz| = |z| for
any x orthogonal to ker S. For such an S and positive » we denote W (S,r) =
{z € R": Sz € rDy}. Note that for kK = 1 a partial isometry is just some norm
one linear functional and the corresponding set W (.S, r) is a band of width 2r.
As usual, vol or vol, is the standard Lebesgue measure on R™. The canonical
Gaussian measure on R™ is denoted by 7,; it is a probability measure with
density (2m)~™/2 exp(—|z|?/2).

As usual, we denote by Xy the indicator function of the set V', such that
Xy(z)=1lifzeVand Xy(z)=0ifz ¢ V.

THEOREM. For any e > 0 there exists a positive constant C' = C(e) < 0o such
that the following assertion holds. For a given n, let K C R™ be an absolutely
convex body such that K C \/nD,. Then, for any n absolutely convex bodies
Vi,...,V, CR"™ satisfying

/||$||\4d7n($c)§1 fori=1,2,...,n,
RTL

the following inequality holds:

<1

1/n
) _ vol(KNC(VinVan---NV,))
(1-e)< vol K

Talagrand [10, Theorem 2] proved that for any n and any absolutely convex body
V C R” satisfying

/ el dya(z) < 1

there exists a sequence of norm one linear functionals f; € (R™)* possessing the
property that

(YW (£, /log(2+ 1)) € CrV,
=1

where C'p < oo is a universal constant. By Talagrand’s result, the theorem is
equivalent to the following proposition:
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PROPOSITION 1. For a given n let K C R™ be an absolutely convexr body sat-
isfying K C \/nD,,. Then, for any sequence of norm one linear functionals
fie R™)*, i=1,2,..., with some constant C = C(e) depending on € only, we
have

<1

— )

0 1/n
(1-¢) < (vol(K N (Q;TlKI/I/(f“n)))>
where r; > C/log(2 +1i/n).

PROOF. It is clear that, for any body V' C AD,,,

1 \"™ volV 2
1< (—) <eM/2.
\/271' ’Yn(v)

In particular, for K as in the Proposition, with C; = C(¢),

Cn/%(wn (élK))l/n > /1 —¢(vol K)¥/™.

On the other hand,

(VOI(KO <6W(fi,ri)))>1// - Cl\/iv’“‘( KN —(ﬂW fismi) ))

By the Khatri—Sidak theorem,

’Vn(CKﬂ*(mwaﬁ))>%( >H7n W (fisri/Ch)).

The elementary bound v, (W (f, 7)) = v1((—=r,7)) > 1 — e~""/2 implies that

1/n
(HF)/TL fz,Tz/Cl))> >V1—¢ (1)
for r; = Cy/log(2 + i/n) with C' = C(g), and the proposition follows. O

REMARK 1. The particular case of the cube instead of the general convex body
K was considered in [3]. In the first version of the paper the proof of Proposition
1 followed the same scheme as that of [3]. A significant simplification of the proof
was found by the referee. I wish to express my gratitude to him for his suggestion
to publish his proof here.

REMARK 2. We say that a body V satisfies the positive correlation property
(PCP) if for any absolutely convex body W and for any positive constant A
one has v, ( AV N W) > ~,(AV) v, (W). The proof of Proposition 1 shows the
following fact:
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For any € > 0 there exists a constant C > 0 such that for any absolutely
convex body K C /nD,, and for any sequence of bodies V; satisfying the PCP

one has
o) 1/n
(N (Vi)Y
- vol K
providing ([T72, 7.(V;/C)) > (1 —/2)".

The Gaussian Correlation Conjecture states that any absolutely convex body
satisfies the PCP. In these terms the Khatri—Sidak theorem states that any band
satisfies the PCP. A slight modification of its proof leads to this result:

<1

— 9

LEMMA. Let V C R™ be an absolutely convex body and S : R™ — R* be a partial
isometry of rank S = k. Then, for any positive r, we have

(VWS 7)) > (V)1 (W (S, 7)) = v (V) (rDs).

In other words, any cylinder satisfies the PCP. Certainly one can use the lemma
to obtain analogues of Proposition 1 for the case of the intersection with a se-
quence of cylinders. We omit the precise statement, which is rather complicated.
For the reader’s convenience, we outline a proof of the lemma.

Let us fix some partial isometry S from R"™ onto R¥. It is well known that its
conjugate S* is a partial isometry from R* to R™, which is right inverse to S,
and @ = Idg~» — S* S is an orthogonal projection on ker S. For « € [0, 7/2] let
the operator T'(a) : R"** — R"** he defined by

T(a)(z,y) = (Qz + cosaS* Sz — sinaS™y, sin Sz + cos ay)

for (z,y) € R™ x R¥ = R"** For a given absolutely convex V; C R™ and
Vo € R¥ we denote

Vi(a) = T(a)(Vi x R*) and Vh(a) = T(a)(R™ x VA).
Consider the function
fV17V2 (CY) = VOI{‘,;l (CY) n ‘72(0) n Dn-i-k}a

or equivalently

frwla) = [ X, 0 (T (0)2) d.

VZ(O)mDn+k
It is easy to see that fy, v, is absolutely continuous and one has the following
equality for a.e. a € [0,7/2]:

d

= (@) = X oy (T (0)2) (7(2), J2) dfi(2),

/é)(Vz(O)ﬂDn+k)

where [i is the Lebesgue measure on d(V(0) N Dy4y), 7 is outer normal to
d(V2(0)NDy41) and operator J is given by J = T(a)%T‘l(a). Straightforward
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computation shows that J(z,y) = (S*y, —Sz) for (z,3) € R™ x R*. Since
(z,J2) = 0 for any z € R"** one can rewrite the previous equality as

d
%fvh\/z - —

dy(y) /W (n(y), Sz) dz, @)

Vs Y

where p is the Lebesgue measure on 9Va, n(y) is outer normal to 9V, at point y
and

Wy={z€ V1 —-1y|?)+ Dy : Qx + cosaS*Sx € V1 —sinaS™y} .

PROPOSITION 2. Let p: R}F — R_l‘_ be some nonincreasing positive function and
v be an absolutely continuous measure on R™"** with density p(|z|). Then, for
any absolutely convex body Vi C R™ and any positive r the function

h(o) = v{Vi(a) N7(R™ x Dy)}

is nondecreasing on [0,7/2].

SKETCH OF THE PROOF. It is clear that without loss of generality, we can
consider the case p = Xjg 1) only. In this case h(a) = fy,p, (o). By Lemma 2
from [3] one has

/ (S*y,x)dx <0 . (3)
W,

Yy

Taking into account that n(y) = r~1y for y € d(rDy) = rS*~! we get Propo-
sition 2 from (2) and (3). O

The inequality h(0) < h(n/2) with p(t) = (277)_"/26_t2/2 proves the lemma. [

NoTE. When this paper was almost complete, we learned from S. Bobkov that
Schechtman, Schlumprecht and Zinn [13] had found a very short proof of the
Khatri-Sidak theorem, based on the Borel-Prékopa—Leindler characterization of
log-concave measures. A simple modification of the method of [13] leads to an
alternative proof of the lemma.

REMARK 3. It is fairly simple to see that the conditions of Proposition 1 on r;
are optimal for ¢ > n; see [3, 14]. For i < n this is not so. In fact the proof
of Proposition 1 shows that it holds under better conditions on r;, ¢ < n than
those stated. To see this one has to take into account that we only need to
estimate the product in (1) and to use for example the inequality v, ((—r, 7)) >
2(2m)~V2pe=r"/2,

The same remark holds in the case of the cylinders’ intersection.
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Polytope Approximations of the Unit Ball of (]

W. TIMOTHY GOWERS

ABSTRACT. A simple and explicit method is given for approximating the
unit ball of £ by polytopes. The method leads to a natural generalization
of ¢,-spaces with good duality and interpolation properties.

1. Introduction

The classical spaces ¢, and L, are the best known and in many ways most
fundamental examples of Banach spaces. In view of their interesting properties
it is natural to ask whether the role of the function t? in these spaces can be
played by other more general functions. This question was answered by Orlicz,
who defined a certain class of functions, now known as Orlicz functions, and
associated with each one a sequence space and a function space, now called an
Orlicz sequence space and Orlicz function space. The Orlicz spaces are generally
regarded as the correct and most natural spaces to associate with given Orlicz
functions.

One of the aims of this paper is to cast doubt on that view, at least in its
isometric interpretation. We shall do this by discussing a different generalization
which arises geometrically and has two desirable isometric properties lacked by
Orlicz spaces. First, the dual of one of our spaces is isometric to another such
space. Second, complex interpolation between two of our spaces yields a third in
a natural way. Irritatingly, we have not managed to establish whether our new
spaces are isomorphic to Orlicz spaces, in which case they are a useful renorming
of them, or whether they are completely different. Our route to the new gener-
alization starts with an unusual (perhaps even eccentric) problem which will be
described below, and which relates more to the polytope approximations of the
title.

The results of this paper originated with the following line of thought. A com-
mon way of constructing a finite-dimensional normed space which lacks symme-
try properties, invented by Gluskin [G], is to take a small number of antipodal
pairs of points at random from the unit sphere of ¢5 and to take their convex
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hull as the unit ball of the space. Alternatively, and dually, one can take the
convex polytope defined by the hyperplanes tangent to the sphere at the given
points. However, such spaces have properties which a general space cannot be
expected to have. For example, geometrically their unit balls are far from being
typical centrally symmetric polytopes, having in the first case very few vertices
and in the second case very few faces. A related fact is that the convex hull of a
small number of points gives a space with very small cotype constants. Is there
some way of constructing a convex body which is in any useful sense completely
generic?

We shall return to this question at the end of the paper, but it is not our main
concern. Instead, we shall give an (incomplete) investigation of what happens
when one mixes the process of taking the convex hull of a few points with the
dual process. One is led naturally away from generic spaces and towards very
special ones. At the end of the paper we make several suggestions for how the
investigation might be continued.

2. A Polytope Approximation of the Unit Ball of /3

Recall that a basis eq,...,e, of an n-dimensional normed space is said to
be 1-symmetric if, for every choice of scalars aq,...,a,, every choice of signs
€1y...,6n With €; = £1, and every permutation 7 of {1,2,...,n}, we have the
equality

n n
g €idi€r(4) E a;€;
i=1 i=1

For n > 1 let &, stand for the set of normed spaces of the form (R™,||-||) for

which the standard basis ey,..., e, is normalized and 1-symmetric. We also
define two operations S and 7' which map (J,—, F» to U,—; Fnt1 as follows.

Given X € ¥, we set T'(X) to be the unique normed space in &, such that for
any a = Y1 ae; € RP with ay > - 2 app1 2 0, |lallrx) = | 27 asesl|x-
The norm on T(X) is as small as it can be given that it is 1-symmetric and
that its restriction to any n coordinates yields the norm on X. The operation
S is defined in the opposite way: the norm on S(X) is as big as it can be under
the same conditions. Thus S(X) = (T'(X*))*. Alternatively, given the unit ball
of X, embed it into R™*! in the n + 1 natural ways (up to symmetry) given
by ignoring each of the coordinates in turn. The convex hull of these n + 1
copies is the unit ball of S(X). Note that the unit ball of T'(X) has a geometric
description as well. The Cartesian product of one of the n+ 1 images of the unit
ball of X with the direction not used is a cylinder. The unit ball of T(X) is the
intersection of these n + 1 cylinders.

Now, if we start with the single space in &7, the normalized 1-dimensional
space, which we shall call R, and apply S n—1 times, we clearly end up with ¢7.
Similarly, if we apply 7' n—1 times we obtain ¢2 . What happens if we alternate
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S with T? The answer is the main result of this section and the motivation for
the rest of the paper.

THEOREM 1. Letn > 2 and let X be a space in F, obtained from the space R
by applying the operations S and T alternately. Then d(X,05) = /2.

The proof of this theorem is based on two lemmas: the first is trivial and the
second also easy.

LeMMA 2. If X|Y € F, and ||la||x < |la|ly for every a € R™, then |a|sx <
lallsy and ||a|rx < ||a|lry for every a € R

LEMMA 3. Suppose X = (5. Then ||a||z;+2 < |lallrsx for every a € R™+2,

Before proving Lemma 3, let us see why the two lemmas are sufficient to prove
the main result. In the argument that follows and for the rest of the paper it
will be convenient, when X, Y € &, to use the abbreviation ¢; X < cY for the
statement that ¢1]|a|lx < c2flal|y for any vector a € R™.

PROOF OF THEOREM 1. First consider the space (7'S)*(R) for some k € N.
It is clear from the two lemmas that (T'S)¥(R) > (3", Moreover, since
T(R) > 271203, we also have that (T'S)*T(R) > 271/2¢2**2 and hence that
S(TS)*'T(R) = (ST)F(R) > 271/202**1 However, (T'S)*(R) and (ST)*(R)
are dual to each other, so we have the relations

2—1/2[%1@«%1 < (ST>k(R> < £§k+1 < (TS)k(R) < 21/2£§k+1-
It follows immediately also that
271202k < T(ST)FH(R) < 138 < S(TS)FH(R) < 2202,

This establishes that d(X,¢3) < v/2, conditional on the truth of Lemma 3. It is
well known that the distance from a space in F,, to 5 is attained by the identity
map. Considering the norms in X and ¢ of e; and e; + ez, we obtain the reverse
inequality. O

ProorF oF LEMMA 3. Throughout this proof, all sequences will be assumed to
be positive and decreasing. Writing X = (% we have, for any a € R"*! and
bec R"2

n+1
||a|SXmaX{Zfza7 Z }

and
n+1
675 x —max{ Zfzb ng }

Hence it is enough to show that, for any a; > - -+ > an42 = 0 with Zn+2 2
1, we can find f; > -+ > f,,41 = 0 such that 21 f2 < 1and ZnH fia; > 1. We
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do this by setting f; = Aa; for 1 <i < n, where A= (1 — a2, —a2,,)"'/2, and
setting fn4+1 = fn. Then certainly > 7 fZ = 1, and moreover

n+1

n 2 2
1—-a —-a + antn41
E fiai = )\ E a2 + )\anan+1 = ntl n+2 non
¢ (1—a2,,—a2, ,)1/?
1 1 n+1 n+2

1—a?
> - Tn42 > 1. 0
(1 —2a%+2)1/2

The proof of Theorem 1 can be generalized very easily to approximate £, in a
similar way when p or its conjugate is an integer. However, with a little more
work, one can approximate £ for an arbitrary p. We shall do this in Section 4.
First, we show how to calculate the norm of a vector in a space of the form
Ur(Us(...Up—1(R)...)) where each U; is either S or T. We shall call such a
space an ST-space.

3. An Algorithm for Calculating the Norm

Let X € F,, and let a = ?‘H a;e; be a vector in R™*! such that aq > --- >
ant1 = 0. Then by definition ||a||rx = || Y.} a;€;| x. We shall now show how
to calculate ||a||sx. Given two vectors @ and b in R™, write a* = (af,...,a})
and b* = (bj,...,b}) for their (non-negative) decreasing rearrangements. Write
a < bif Zle a; < Zle by for every k < m. It is well known that @ < b if and
only if a lies in the convex hull of all vectors that can be obtained from b by
permuting the coordinates and changing some of their signs. Therefore, if || - ||
is a 1-symmetric norm and a < b, we know that ||a|| < ||b]|.

Given X € F,, and a € R""! we define a function || - ||’ on R™*! by

lall" = min{||b]x : b € X, a < b},

where @ < b means of course that a < b’, where b’ is the image of b in R*+!
under the obvious inclusion. (Note that the existence of the above minimum
follows easily from compactness.)

LEMMA 4. Let X € F,, and a € R™"". Then |alsx = ||al’.

PRrROOF. Given two vectors a; and as in R™*!, let b; € R™ be such that a; < b;
and ||b;||x is minimal, for ¢ = 1,2. Then we certainly have a; + ay < b} + b3,
and thus, since X is a 1-symmetric space,

lay + az|" < [[b] + b5[lx < [IB7llx + [1B3]lx = [[b1llx + [[b2llx = llav]l’ + [laz|"

It follows that || - ||" is a norm. By the discussion above concerning the relation <,
the unit ball of the space (R™!,||-||) is contained in that of SX. Since it also
contains the n + 1 natural images of B(X) in R"*! we have that || - ||' = || - || sx,
as stated. g
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In the next lemma we identify a vector at which the minimum of the set
{lIb]x :b€ X, a=<b}
is attained. We write x V y for max{z,y}.

LEMMA 5. Let X € F,, let a = ?H ae; be a vector in R™"1 for which
a1 =+ 2 ape1 > 0 and let v > 0 be the unique number for which

n+1

ial\/’y Zaz
1

Then |la]|sx = |7 (@i V 7)ei| -

PRrROOF. We insist that a,41 > 0 for convenience: it is obvious how to calculate
lla||sx if an+1 = 0. This gives us the uniqueness of 7. Set @’ = >} (a;Vy)e;. We
need to show that if b € R™ and a < b then @’ < b. It is clear that a < a’, and
by our earlier remarks and the symmetry of X, we will also have ||a’||x < ||bx-
We may clearly suppose that b; = b* for every i and that Y7 b; = 77" a,.
Since a < b we then have, for every 1 < k < n, that Zk b; < Z"H a;. Let k
be maximal such that ay > 7. Clearly k < n, and v = (n — k)~ ZZJJ: a;. For
I < k it is obvious that le(ai V) < le b;. When [ > k we have

l n+1 n+1 n+1
Zaz\/fy Zal (n—1)y Zaz kz
1 k+1
n+1 n—1 n n+1 l
< Zai_ n—kzbi < Zai_zbizzbi-
1 k+1 1 1+1 1
This proves the lemma. O

To conclude this section we shall show how to calculate the norm of the vector
(3,3,3,2,2,2,1,1,1) in the spaces (ST)*(R) and (T'S)*(R) by repeated applica-
tion of Lemma 5 and the definition of the operation T'. At each stage, we replace
the vector we have by one of length one less, while preserving its norm. At a
“T” stage, we simply remove the last coordinate. At an “S” stage, we apply
Lemma 5. The process is summarized in the table at the top of the next page.

Notice that ||(3,3,3,2,2,2,1,1,1)||2 = V42, and, as must be the case by the
proof of Theorem 1, v/21 < 5% < V42 <8 < V384,

4. Approximating ¢ by an ST-Space

In order to show that £} can be approximated by an ST-space, it turns out
to be convenient and natural to generalize the notion of ST-space to function
spaces (although these do not appear in the final statement). We shall prove
an inequality which is a little more sophisticated than Lemma 3. However, our
main difficulty is notational rather than conceptual. In the next section, we shall
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3 03 3 2 2 2 1 1 1 333222111
2.3 3 3 2 2 2 111} L.33322211
L3 3 3 2 2 2 1l 2. 3332222
2.3 3 3 21 21 2l L3332 22
L3 3 3 21 2l 2. 3333 3
=, 31 31 3l 3l L3333
£ 31 31 3l =444
=, 51 51 L4 04
L 51 5,08

explain a different and in some ways more satisfactory approach, which shows
again that £} can be approximated by an ST-space, while avoiding the use of a
technical lemma from this section (Lemma 7 below).

Given a real number ¢t > 0, let F'[0,¢] denote the vector space of step functions
from the closed interval [0,¢] to R, and let G; denote the set of normed spaces
(F[0,¢], ] - ||) such that || f|| = || f*|| for any f € F[0,t], where f* is the decreasing
rearrangement of f. Note that we do not ask for these normed spaces to be
complete. If s > ¢t and f € F|0,s] we shall write f; for the restiction of the
function f to the interval [0,¢]. For n € N let I,, denote the linear map from R"
to F'[0,n] determined by e; — x[j—1 ;). We shall prove a result about norms on
F[0,t] but our interest will eventually be in subspaces of the form I,,(R™).

We now define operations which are similar to S and 7', but which map G;, to
S¢,, where t; < ty. Given o > 1, define an operation Tt : (J;og 9t — Ups Gt
as follows. If X € G; and f € F[0,at] then ||f||r, (x) = [[(f*)¢llx. Thus, the
norm on the space T, (X) is as small as it can be given that T, (X)) is in the set Gnz
and that the norm on T, (X) coincides with that on X for functions supported
on the interval [0,¢]. As in the discrete case, S, is defined in the opposite way:
the norm on S, (X) is as large as it can be under the same conditions. The
following lemma we state without proof, since the analogy with Lemma 5 is very
close.

LEMMA 6. Lett >0, a« > 1 and X € G;. Let f € F[0,at] be a step function
satisfying f = f* and f(s) > 0 for some s > t. Then if v > 0 is the unique
number for which

/O (F(t) v ) dt = /0 f(t)dt,

we have || flls,x) = [I(f V¥)ellx-

We now come to the main lemma of this section. As in the first section, if X
and Y are spaces in G; and ¢; and ¢y are positive constants, then we shall write
aX <Y if aq||fllx < el flly for every f € F[0,t]. For 1 <p<ooandt>0
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let L denote the space (F[0,1], ]| |,), where |- ||, is the usual norm on L,[0, ]
restricted to F'[0,¢].
LEMMA 7. Let1<p<o0,t>0,a>1and 3=aP"'. Then

Sa(Ts(Ly)) < Ly < Tp(Sa(Ly)).

PRrROOF. We shall prove the right-hand inequality only. The left-hand one can
be proved by a similar argument, or else by using duality. Suppose then that
the right-hand inequality does not hold. In that case we can find N € N and
sequences 0 = zg < 1 < - < axy =aftand \;y > Ay > --- > Ay = 0 such
that, setting A; = [z;—1,x;) and f = Zf[ AiX4,, we have

[ seras [ v

/ () v )t = / " ) de

Let ip be the minimal index ¢ for which A; < v and set s = x;,—1. Thus
f(z) < v if and only if > s. Without loss of generality, there exists i; such

that z;; = at. We have
at
A=) = [ @y

/ " s [ @ vy

[ pepae e ([ ) o

Write A for (t—s)P~1 fsaﬂt f(x)P dz and B for (fsat f(x) dw) . Our hypothesis
now reads that A > B. If we fix the sequence zg, ...,z y, we may assume, by a
simple compactness argument, that Ay > --- > Ay > 0 have been chosen so as
to maximize the ratio A/B. Pick ip < i < 4;. We find

where

and, by assumption,

8 A _ 1 B p—1 Ap—l A at d p—1
anB - B (t —s)P~ (i —z1)pN ™" — Ap S f)de )| (zi—2i1)
3 at p—1 1 1 .
But since A; < 7, we have also (f f(x ) > (t —s)P7IA7T7. Since

A > B we obtain that BTE < 0. A simple calculation shows that if we decrease
A; very slightly, then the value of iy does not change. If the change to A; is
small enough, and the resulting sequence is still a decreasing one, then it follows
that A/B was not maximized by the original sequence. Hence, we obtain that
Aip = Aig+1 = -+ = A;,. It is obvious also that A;; = --- = Any. Without loss of
generality they all take the value 1.
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It remains to show that
(aft — s)(t — s)P~1 < (at — 5)P

By applying the weighted arithmetic-geometric-mean inequality twice and using
the fact that 3 = o', we have, writing ¢ for the conjugate index of p,

1/ .
(aBt — 5)'/P(t — 5)"/1 = at (1 - 8) ’ (1 - f)l/

Ot t
<at(1-—_ )<t (1 i ) t
@ — - — ! —— ) =at—s.
= pafit  qt) at
The result follows on raising both sides to the power p. |

The next lemma is similar to Lemma 7, but rather easier.
LEMMA 8. Lett >0, X € Gy and o, 8 > 1. Then ST X < T3S, X.

PROOF. Let f € F[0,a3t]. Without loss of generality f = f*. Then || f||s,7,x =
II(f V ¥)t|lx, where v satisfies

/ " @) vy e = / " fa)do

and || fll7s5.x = [[(f V)¢l x, where o' satisfies

/ () vy do = / " ) do

It is therefore enough to show that fo YVy)dr < fo x) dz, and thus that
v > . Let s = inf{x : ( ) < fy} Ifs> t the result is tr1v1al Otherw1se we
wish to show that (¢ — s) f f(x)dx, given that v = (5t — faﬁt f(x

But since f is a positive decreasmg functlon and a, 8 > 1, we have

SO f@)de _apt—s _ pt—s
fsatf(x)d:n S at—s  t—s

which proves the lemma. (]

)

In fact, it is not hard to see that equality in the last line can occur only for
functions supported on the interval [0, ], or functions whose modulus is constant
(except on a set of measure zero) on the interval [0, aft].

Lemmas 7 and 8 contain the essence of the proof that we can approximate
¢y by an ST-space. The remaining arguments are easy, but this may not be
immediately apparent. The reader is strongly advised to consider, for any space
X € G; under discussion, a logarithmic graph of the function A(t) = [[x[0,¢x,
i.e., a graph of log \ against log t. Note that the slope of this graph, whenever
X is an ST-space, is either zero or one, and when X = L; it is 1/p. The
terminology that follows is needed in order to formalize arguments which from
such a graph are simple.
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Define an ST-sequence to be a sequence of the form Uy, ..., Uy, where each
U; is S, or Ty, for some av = ;. Given 0 < u < t we shall say that a function
A [u,t] — R is an ST-function if it is piecewise linear and its right derivative
at any x is either A\(x)/x or zero. Given a space X € G,, we shall say that a
space Y is an ST-extension of X if Y = Uy(... (U1(X))...) for some ST-sequence
Uy,...,U;. Given aspace X € G,, there is an obvious one-to-one correspondence
between ST-sequences, ST-extensions of X and ST-functions taking the value
IX[0,u)llx at u. (Given an ST-extension Y of X, the associated ST-function is
the function A : = + |[x[0,21/ly.) When we refer to any correspondence between
ST-functions, ST-extensions and ST-sequences, we shall always mean this one.
Finally, we shall call a function X : (0,¢{] — R an ST-function if its restriction
to [u,t] is an ST-function for every u > 0. In other words, the conditions are as
above except that there may be infinitely many changes of slope near zero. We
associate with such a function a space as follows. Suppose the changes of slope of
A occur at points ...,x_o,T_1,%0,L1,. .., Ty With 2, <t and z_; — 0. Given a
step function f defined on the interval [0, t], we may replace it by a step function
supported on the interval [0, 2:,] with the same norm, either by projecting f onto
this interval (at a T stage) or by using Lemma 6 as a definition (at an S stage).
We can then repeat this process, obtaining a function supported on [0, z,_1]
and so on. After finitely many stages one obtains a function wy|o for some
w, 8 2 0. The norm of f is then defined to be wA(s). The resulting space we will
call the ST-space associated with \, denoted LY. (Note that our notation is not
at all standard: Ly usually stands for the Orlicz space associated with the Orlicz
function ¢. However, the notation is so convenient here that we have adopted
it.)

During the rest of this section we will make a number of uses of the simple fact
that if X <Y then T,X < T,Y and S, X < S,Y (the function-space analogue
of Lemma 2).

LEMMA 9. Let X € Gy, let Y1,Ys € G; be two ST-extensions of X and let A\ and
Ao be the associated ST -functions. Then if Ai(x) < Az(x) for every x € [u,t], it
follows that Y1 < Ys.

PROOF. Let wy,...,wy be the set of values, in increasing order, taken by either
A1 or Ao when they are differentiable with derivative zero, or taken by Ao when it
is maximal. Let s be maximal such that A\; and A2 are equal on the interval [u, s].
Then A\ (s) = Aa(s) = w;, say. If s < ¢, then our aim is to replace \; by a larger
function A/, still dominated by A2, but now equal to it until they both take the
value w; ;1. Write Z for the ST-extension of X corresponding to the restrictions
of A\; and Ay to the interval [u,s]|, and Uj,...,U; for the corresponding ST-
sequence. Note that the next terms in the sequences of Y; and Y> must be of the
form T, and Sg, by the maximality of s. We must now consider various cases.
First, if i + 1 = N and neither A\; nor Ay has zero right derivative when they
take the value wy, then wy is the maximum of Ay and the ST-sequences of
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Y7 and Y5 must be Uy,...,U;, T, and Uy,...,U;, S, respectively, (where o can
be shown to be w;;1/w;). In this case, let ] = A2, and observe that the only
modification we have made to the ST-sequence corresponding to A; is to replace
the final T, by S,.

Otherwise, we know that at least one of A\; and Ay has zero derivative when
it takes the value w;;1. Suppose first that A; has. Then the ST-sequence of the
space Y7 begins Uy, ..., U;, Toy, Says Tas, With a1, ag, a3 > 1 (and again one can
show that g = w;41/w;). We modify this sequence by exchanging T,,, with S,
and define A} to be the correspondingly modified ST-function. It is not hard to
show that | is still dominated by Ag and that A} and As are equal until they
both take the value w;1.

If on the other hand Ay has zero derivative when it takes the value w;y1,
then the ST-sequence of Y5 begins U, ..., U;, Sg,,Tp2, with 81,82 > 1. We
now have three further sub-cases. If the ST-sequence of Yy is Uy,..., U, Ty,,
then oy > (3102, so we can replace this ST-sequence by the equivalent sequence
Ui,...,Uy,Tp,,T, where 31y = ;. Now modify the sequence by changing 1,
into Ss, and let A} be the corresponding function. Then again \] is dominated
by A2 but equal to it until they both equal w;4;.

If the ST-sequence of Y7 begins Uy, ...,U;, Ty, , S, and as > (1, then we
can replace it with the equivalent sequence Uy, ...,U;,Ty,,Sg,,S, where v =
aa/B1. We modify this sequence by exchanging T, and S, and let A} be the
corresponding function. Once again, it has the required property.

Finally, if the ST-sequence of Y7 begins Ui, ...,U;, Ty, Sqa, and as < [y,
then the hypothesis of this case implies that Uy,...,U;,Ty,, S, is the whole
sequence. In this case, we modify the sequence in two steps. First we exchange
the T,, and the S,,. Then we replace the T,, with S,,,T,, where v; = 31 /as
and y5 = a1 /.

In each of the cases above, \] is obtained from \; either by changing a T, in
its ST-sequence to an S,, or by changing the order of a consecutive pair S,, T3
so that after the change the S, operation is performed first, (or in the final
case doing both). By the definitions of the operations S, and T}, the simple
fact mentioned just before this lemma, and Lemma 8, each such modification
increases the corresponding norm. Hence, by induction on i, one can transform
A1 into Ao by applying a finite sequence of changes to the corresponding ST-
sequence, each of which increases the corresponding norm. It follows that Y; <
Y5 as stated. O

COROLLARY 10. Let X1,X5 € G, and let A\y and Ay be two ST-functions on
the interval [u,t] with X\j(u) = |[X[,ullx; for i = 1,2. Let Y1 and Y5 be the
corresponding ST -extensions of X1 and Xo. Suppose there is a constant ¢ > 0
such that X1 < ¢Xo, A1(u) = cAa(u) and A1(z) < cAa(x) for any x € [u,t]. Then

Yl < C}/Q.
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ProoF. Without loss of generality ¢ = 1. By Lemma 9 and the analogue of
Lemma 2 we see that Y7 < Z < Y3, where Z is the Ay-extension of X;. O

COROLLARY 11. Let A and p be two ST-functions defined on the interval (0,t]
with A(s) < cu(s) for every s. Then LY < cLj,.

PROOF. Let f be a decreasing step function with the first step ending at u. The
norm of f in an ST-space does not depend on the behaviour of the ST function
below u. Therefore for values less than w we may replace A\ and p by any other
ST-functions. Choose functions A\; < cuy such that for some u; < u we have
that Aj(u1) = cpr(ug) and Ay and p; are linear below uw;. We may then apply
Corollary 10 (where X; and X2 will be multiples of Li*). O

LEMMA 12. Let s,t > 0, let 1 < p < oo, let q be the conjugate index of p and let
a>1. Then So(a™'9L3) < LS and LE' < Tp(BY/PLY).

PROOF. The second inequality states that, for any positive decreasing function
f on the interval [0, t], we have the inequality

/ " @)y de < [ swyeas

which is obvious. To prove the first, observe that by the above inequality, with
t =a P/ and f = aP/?, we have

a VILs < T(L),
s0, by the extension of Lemma 2, we have
Sa(a™L3) < S Ts(LL).
Now 3 = o?/? = a?~!, so, by Lemma 7,
SaTs(LL) < LoPP = Lo°. O
We are now ready for the main theorem of this section.

THEOREM 13. Let 0 < u < t, let ¢ < ¢ < ¢o and let A be an ST-function on
the interval [u,t] such that A(u) = cu? and c;x'/? < MNx) < cox™P for any
x € [u,t]. Let'Y be the ST-extension of cLy, corresponding to the function A.
Then clL; <Y K CQL;.

ProOOF. We shall prove only the left-hand inequality: the other is similar.
Without loss of generality ¢c; = 1. Define Z to be the space Scq L;_q“, the norm of
which, by Lemma 12, is dominated by that of cL;. Notice that |[x(o,vllz = cul/?.

We now define an ST-sequence Sa,,13,,S0,, 18, -+ Say: Is,, letting u be
the function (which will be defined on the interval [u,t]) corresponding to the
subsequence T3, , Say, Thy, - - - » Say> Thy- Set ay = ¢? and f; = o' = ¢». In
general, once we have defined «y,...,a;_1 and B1,..., 8;_1, we let a; be maximal
such that the resulting part of the function u is dominated by min{\, tl/p}7 and
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then set 3; = of ~!. This construction guarantees that, whenever ' (a) = 0,
either there is some b such that N(b) = 0 and A(b) = pu(a), or u(a) = tY/7.
(Informally, at each stage the logarithmic graph of u rises with slope one until it
hits a horizontal part of the logarithmic graph of A\, at which point it becomes
horizontal until it rejoins the line y = z/p.) Since A has only finitely many
changes of slope, the graph of u reaches a height of t'/? after only finitely many
changes of direction, and after one further step (corresponding to T, ) the process
stops.

Let X be the ST-extension of Z corresponding to the function p. Then
Lemma 7 implies (after an easy induction) that L;, < X. Since Z < ch and
< A with p(u) = A(w), Corollary 10 implies that X <Y, completing the proof
of the theorem. |

COROLLARY 14. Let A be an ST-function defined on the interval (0,t] such that
c15MP < N(s) < ca5'/P for every s. Then clL; <L < CQL;.

PROOF. Just as in the proof of Corollary 11, we can deduce this from Theorem
13 by considering step functions first. |

It remains to show that we can approximate £ by an ST-space in the sense of
Section 2, whatever the value of p. Theorem 13 tells us that all we need to worry
about is the norm of vectors of the form Zlf e;.

THEOREM 15. Let 1 < p < oo. Then for any n € N, there exists an ST-space
X such that d(X,(})) < 3/2.

PROOF. By duality, we may assume that 1 < p < 2. Suppose X € F,,, X' € G,
and the embedding I,, is an isometry from X to its image in X'. It is not hard to
see that I, is an isometric embedding from T'(X) into T,(X"’), and also from
S(X) into S, (X'), where « = 1+1/n. By Theorem 13, then, it is enough to find
an ST-sequence Uy, Us, ..., U,_1 such that each U; is either S;;/; or Ty, /; and
the corresponding ST-function X satisfies 2!/ < \(z) < (3/2)x'/P. Clearly we
only need to check this inequality when x is an integer. Suppose we have chosen
Ui,...,Up_1. Then if A(k) > (k + 1)'/?, set Uy, = Ti41/x- Otherwise, let it be
S141/x- Then for each k, A(k) is either A(k —1) or it is less than EYP k/(k—1).
In the first case we are done, by induction. In the second, we are done, unless
k = 2. But in this case, A(k) = 2 < (3/2) - 21/, O

Note that Theorem 13 implies easily that if £ € N is even and X € Fyr is
the space 72" (S2" (... (S4(T2(S(R))))...)), then d(X,¢2") = v/2. Indeed,
X embeds isometrically into the space To(Sa(. .. (T2(S2(L3)))...)) € Gor, and if
\ is the ST-function associated with this space, then A\(2!) = 2V/2 if [ is even,
and 20+1/2 if | is odd. It follows that vV < Mz) < 2z for every z, which,
by Theorem 13, is enough to prove the above estimate. (As in Section 2, the
lower bound on the distance follows from the fact that the distance is attained
by the identity map.) This can also be proved directly from Lemma 7, using
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a duality argument similar to that of Theorem 1. In general, to approximate
5 to within an absolute constant by an ST-space, one needs only about log n
changes of direction of the corresponding ST-function A, or log n terms in the
corresponding ST-sequence. Our arguments show also that many other ST-
sequences would have worked just as well in Theorem 1.

If one wishes for a better polytope approximation of £}, still with an easy geo-
metrical description, then one method is to consider appropriate subspaces. For
example, if 2m = nk, X = S(TS)™ }(R) and Y is the n-dimensional subspace
of X generated by the block basis u; = Z;k:(iq)kﬂ ej, where i = 1,2,...,n,
then Theorem 13 and a straightforward calculation show that d(Y,¢5) < 1+C/k
for some absolute constant C.

5. Limits of ST-Spaces

We say that a function A is a growth function if it is a strictly positive uniform
limit of ST-functions. It is not hard to show that A : [u,f] — R is a growth
function if and only if A(u) > 0 and A(z) < A(y) < (y/x)A(x) whenever u < z <
y < t, and also if and only if there is a space X € G; such that A(x) = ||x[0,21]lx
for every u < x < t. (A similar statement holds also for growth functions defined
on the interval (0,¢].) It is an easy consequence of Lemma 10 that, given X € G,
and a growth function A such that A(u) = |[x[0,4lx, the following normed space
Y € G; is well defined. Pick any sequence A1, s, ... of ST-functions tending
uniformly to A with A\, (u) = A(u) and let

1Flly = Tim [ f]ly,

where Y,, is the ST-extension of X corresponding to A,. We shall call the space
Y the A-extension of X. Given a uniform limit A : (0,¢t] — R of ST-functions
An, we can define a norm || - ||x by again taking || f||x to be the limit of the norms
I£llx,- This is the most natural definition, in the context of ST-spaces, of a
norm associated with the growth function A. We shall denote the completion of
(F[0,¢],||-]x) by L%. Later, we shall show that the space L} is in some ways
more natural than the Orlicz space with the same growth function.

The main task of this section is to show how to calculate the norm of a
function f in a A-extension (and consequently in a space L%). This we do by
giving a continuous analogue of the algorithm defined in Section 3. Thus, we are
generalizing our results so far from growth functions with logarithmic gradient
0 or 1 to growth functions with logarithmic gradient in the interval [0,1]. This
generalization is of some interest for its own sake, but the immediate benefit is
a second proof of Theorem 15 which avoids the use of Lemma 7.

For convenience, we shall assume that our growth function A is differentiable
with non-zero derivative, and we shall show how to calculate || f||» when f is con-
tinuously differentiable with negative derivative and both f and f’ are bounded
away from 0 and oo (this includes right and left derivatives at 0 and 1). A
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function f with these properties we shall call standard. Using rearrangement-
invariance and straightforward limiting arguments, one can deal with more gen-
eral f and A.

Given a standard function f, we would like, just as in Section 3, to replace
f by a function of smaller support but with the same norm. Given y < t large
enough it will turn out that there is a unique x < y such that if we define the
function g, by

f(s) if0<s<u,
6,(5) =3 f() tz<s<y,
0 if s >y,
then [|gy|[x = || fl|x. It is clear that = decreases as y decreases. (The differen-

tiability of f applies provided z is greater than 0, which is the reason for the
condition that y should be large enough.) Of much more interest is the fact that
the dependence between x and y = y(z) is given by the differential equation

A/(y)@ _ f/(lf) (yfﬂj), (1)

Ny) de ~ ~ f(@)

which can be rewritten as

yd(log A(y)) = —(y — x) d(log f(x)).

The main task of this section is to derive equation (1). However, let us first
see why it gives a new proof of Theorem 15. Note first that when = = 0 (and y
is maximal), the function g, is simply f(0) times the characteristic function of
[0, 9], so that || f||x = |lgy||» = f(0)A(y(0)). Hence, the differential equation gives
us a means of calculating the norm || - ||y. Next, observe that if A(y) = y'/?, then
the solution of equation (1) is

v=ter(c- [y as) o

for some constant C. Since y(t) = t, we obtain that C' = fot f(s)? ds. Hence,
y(0) = f(0)7P fot f(s)P ds. Thus f(0)(y(0))'/? = ||f||,. But Corollary 10 (which
did not use Lemma 7) can obviously be generalized to the same result for limits

of ST-functions and the corresponding spaces. Since the function t'/? is such

t

»» We obtain Theorem 13 and hence

a function and it gives rise to the space L
Theorem 15.
To obtain equation (1), let e > 0 and 0 < u < ¢t and let oy, B4, ..., an, By be

a sequence of real numbers greater than 1 with the following properties.

(1) )\(O&lﬁl ces akﬁku) = Bl .. ﬁk)\(u) for k = 1,2, ce ,N.

(ii) apfr <1+efork=1,2,...,N.

(111) alﬂl N O(NﬁN = t/u

Let X € G, and let Y be the ST-extension SgyTay --- 98, T, (X) and notice
that the growth function p of Y has the following properties.
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(a) ,u(alﬂl S Ozkﬂk) = /\(Oqﬂ1 cee akﬂk) for k = 1, 2, ceey N.
(b) (14¢)71A(s) < pu(s) < A(s) foru < s < t.

For each k, define y, = o151 . .. axfru. Fix k < N, set y = yi and 6y = yr4+1—Yk,
and suppose that = x;, has been defined. Define a function g by the formula

f(s) f0<s<ua,
g(s) =< flz) ifr<s<y,
0 if s >y,
and let 0z be the unique number such that ||A|, = ||g]|,, where
f(s) if 0< s <+ oz,
h(s) = f(x+dx) ifz+dx<s<y+dy,
0 if s >y + dy.

Then define 41 to be x 4+ dx. We shall now obtain an approximate equation
relating dx and dy.

Setting o = a1 and 8 = Pr+1, we know from the definition of the operation
T, that (g, = llg1ll,;, where

f(s) ifo

g1(s) = ¢ f(z) ifx
0 if s > ay.

s<x,

<8<
<s<

5 < ay,

By Lemma 6 (which in this context could almost be regarded as the definition
of S3) we know also that fot g1(s)ds = fg h(s)ds. That is,

T r+ox
/0 £(s)ds + (ay — ) f(2) = / f(s)ds + (afy —z — 82) f(z + b2),
which implies that

x4+
/ (f(s) = f(x)) ds + (x + 6z)(f(z) — f(z + bx)) = ayf(z) — aByf(z + 0x).

Bearing in mind that dz = O(dy) and that (af — 1)y = dy, which also implies
that o — 1 and 8 — 1 are O(dy), we can simplify the above to

p-1 f'(x)

PR 70y +o(dy) = — o) (y — )b (2)
Finally, notice that
L A@BY M) A1)
A(y)_ (Oéﬁ—l)y +0(1) Oéﬁ—l Y +0(1)7
so that, substituting into (2), we have the estimate
)\/ !
vy Doy + olby) =~y -y )
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Letting ¢, and hence dy, tend to zero, we see that in the limit as p tends to
A, we do obtain equation (1) as claimed. Having obtained the equation for a
A-extension, it is easy to see that it is valid for the space L} as well.

We end this section with a small remark. It is easy to prove that the dual
of LY is L!, where u(s) = s/A(s), first when A is an ST-function, and then, on
taking limits, for an arbitrary growth function. (This statement is not quite
accurate since for example the dual of L’  is not L!. What we mean is that
the norm of a measurable function in the dual of L is its L{-norm.) The proof
comes straight from the definition of the operations S, and Tj3. Similarly, it
is trivial that these spaces are normed spaces. Therefore we have an argument
which makes the inequalities of Hélder and Minkowski in some sense “obvious”
and “geometrical”. Unfortunately, working out the details is more complicated
than the usual proofs of those inequalities!

6. Two Results about ST-Spaces

We shall be concerned with two natural questions in this section. First, what
is the relationship, if anything, between ST-spaces and Orlicz spaces? Second,
what is the result of interpolating between two ST-spaces?

For the first question, suppose X is an Orlicz function space restricted to the
interval [0,¢] with the norm given by

Il =t {u =00 [ ollso)/mas <1}

where ¢ is an Orlicz function. For this space we have |[xjo.5llx = (¢~ (s™1)) "%
For 0 < u < t let X, be the restriction to [0,u] of X. If for u < s < t we
set A\(s) = (¢~ (s 1)L, it is natural to ask whether the (completion of the)
A-extension of X, is X7 We shall show that it is, isometrically, if and only if,
for some p, ¢(s) = sP and therefore A(s) = s'/P. In other words, ST-spaces and
Orlicz spaces intersect only in the L,-spaces.

Our proof of this is slightly indirect. Suppose ¢ is an Orlicz function, X is the
corresponding Orlicz space and X,, and A are given as above. Suppose moreover
that the identity is an isometry from X to the A-extension of X,,. Let f be any
standard function. For y < ¢ sufficiently close to ¢ we replace f by a function g,
with the properties we had in the last section. That is, for some 0 < = < v,

f(s) if0<s<u,
gy(s) =4 f(z) ifx<s<y,
0 if s >y,

and [|gy|[x = || f|[x. It is easy to see that, for each y, g, is unique. Suppose that
Il fllx = 1. Using the definition of the norm in X and the isometry assumption
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one readily obtains that

T t
| o) ds+ - aolr(e)) = [ o(s(s) ds @
0 0
If we differentiate this equation with respect to x and rearrange, we obtain that

o) dy @)
FUENf@dr ~ fw YT

On the other hand, if we substitute A(y) = (¢~*(y~!))~! into the differential
equation (1), we obtain the equation

1 y  f

yo~ty N (o My 1)) dz  f(a)
It follows from the uniqueness of g, that ¢(f(x))/¢’'(f(x))f(z) does not depend
on f(z). In other words, the function ¢ — ¢(t)/t¢’(t) is a constant function.

Solving this equation gives ¢(t) = CtP for some constants C' and p. We have
proved the next theorem.

(y — ).

THEOREM 16. Let X € G; be the restriction of an Orlicz function space on [0, t]
to the interval [0,t] and let Y be the completion of the A-extension of X,,, where A
and X, are as defined above. Then X is isometric to Y under the identity map if
and only if , for some constants C >0 and 1 < p < oo, ||fllx = |Iflly = Cllfllp-

It would be much more interesting to find out when ST-spaces are isomorphic
to Orlicz spaces. There seems to be a reasonable chance that they always are, in
which case they could be regarded as the “correct” renorming of Orlicz spaces.
The next result shows that ST-spaces interpolate in the way one would ex-
pect. Since we prove an isometric result, we must use complex interpolation and
therefore complex scalars. One can either define the norm of any vector to be
the norm of its modulus, or follow the original approach making obvious modifi-
cations. These give the same result. Also, we shall make use of the fact (related
to the remark at the end of the previous section) that, if X € G,, and A is a
growth function, then the dual of the A-extension of X is the u-extension of X*,
where p(s) = s/A(s). (Again, this statement should be interpreted somewhat
loosely.) For the basic facts and notation to do with interpolation, see [BL].

THEOREM 17. Let X € Gy, let X and p be growth functions and let Xy and X,
be the A\- and p-extensions of X respectively. Given 0 < @ < 1, let v = \opu!=9
and let X, be the v-extension of X. Then

(Xx, X))o = X

ProOF. The proof of this is very similar to the standard proof that L,-spaces
interpolate in the way one would expect. Let f be a standard function with
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IIfllx, =1 and let y = y(z) be defined by the differential equation
viy) dy _ f'(=)

Yoyyde ~  flx)

and the initial condition y(t) = ¢. Let D C C be theset {z € C : 0 < Re(z) < 1}.
Fixing y, we may now define, for every z € D, a function g, by the differential

N Ny gi(e)
y(“ S mw)dx 0@ 7

(y — =)

equation

and the initial condition

It is easy to check that
9:(z) = go(x)' g1 (2)*. (3)
Now set f(z,2) = exp(ez? — €62)g.(x). Thus f : D x [0,t] — C. We have
the propert}es of f necessary to estimate | f[|(x, x,), - First, f(~)r each z it is
clear that f(z,z) is analytic in z on the interior of D. Second, || f(ir,- )| x, and
| f(1 +ir,-)||x, both tend to zero as |r| tends to infinity. Moreover, we have
[f(ir, )llx, < 1 and [[f(1+ir,-)||x, < exp(e) for every r € R. It follows
that [|f[[(x,,x,), < exp(e). Since ¢ > 0 was arbitrary, we have shown that

||f||(XA,X“)[9] < |If|lx, for any function f.
Conversely, suppose that Hf||(X/\7X/,L)[6] = 1. This tells us that for each € > 0

there exists a function f with the above properties. We also know that

Ifllx, = sup {|(f,h)| : h standard, ||A]x,, =1}

where v1(s) = s/v(s).

Given a standard function h with ||k||,, < 1, let h: D x [0,] — C be given
by the method used to construct f from f, replacing all the spaces in that
construction by their duals. Then set

F(z) = /O f(z,2)h(z,2) dzx

for every z € D. Then F is analytic on the interior of D, continuous on D, and
F(ir) <1 and F(1+ir) < exp(2¢) for every r € R. By the Hadamard three-line
theorem (see [BL]) we obtain that

(s )] < [F(8)] < exp(2e).
Since € > 0 was arbitrary, we have ||f||x, < 1. O

v

It is not hard to deduce from Theorem 17 that, with the same notation, we have
also (LY, L,)e) = L},
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7. Suggestions for Further Research

There are many questions one can ask arising from the results of the previous
sections. Some of this section is extremely speculative.

(A) The most urgent question is whether ST-spaces are renormings of Orlicz
spaces or something quite different. This question has been mentioned earlier in
the paper so we shall not say much more about it. Whatever the answer, one can
ask whether ST-spaces always contain some ¢, almost isometrically. We have an
argument, whose details are yet to be checked, that they do; it uses the similar
result of Lindenstrauss and Tzafriri for Orlicz spaces, for which see [LT].

(B) It is likely that the map taking a growth function A to the rearrangement-
invariant function space Ly(R) with that growth function can be characterized
amongst all such maps. Here are some properties that might be involved:

(i) tY/P — L,(R).

(i) ¢/A() — (LA(R))".

(iii) aA < p implies aLx(R) < L, (R).

(iv) (L%, L% = Lf\eﬁl,e.

Are these enough? Perhaps (iii) needs to be a little more detailed. For example,
one also has:

(v) If aA(s) < p(s) for s < ¢ and the support of f is contained in the interval

[0,¢], then al| fl|x < [[fI],.-
(vi) If f* is constant on [0, u] and aA(s) < p(s) for s > u, then al| f||x < ||f]l,.-

(C) Recall the remark at the end of Section 4, that only logn changes between
S and T are needed to approximate ¢} to within a constant. This is clearly
best possible. Does it cause the unit ball of the resulting ST-space to have
interesting extremal properties of a more geometrical nature amongst polytopes
approximating the ball of £77 Unchecked calculations suggest that the number
of vertices and faces are both at most exponential (again for 1 < p < oo this is
necessary). If they are correct, then we have constructed efficient approximating
polytopes in a very explicit way. Perhaps this might have algorithmic uses. It
would be interesting to have good estimates for the number of facets of each
dimension of the polytope arising from a given ST-sequence.

The restriction of LY to the subspace generated by the functions x[;_1 ;) seems
to have a polytope as its unit ball when A is an ST-function (rather than a more
general growth function). One can ask similar questions about these polytopes.

(D) It is interesting to define ST-spaces more geometrically, especially if we re-
turn to the idea of trying to construct “generic” polytopes. This can be done
as follows. Given an affine subspace Y of R™ not containing zero, define the
canonical extension of Y to a hyperplane to be the sum of Y and the orthog-
onal complement of the linear subspace generated by Y. Let the side of this
hyperplane containing zero be the canonical half-space associated with Y.
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Call a set of points X = {x1,..., 2} in R™ compatible if the canonical half-
spaces associated with the (zero-dimensional) affine subspaces {z;} all contain
all of X. Suppose we have a compatible set X in general position (for simplicity
only; this condition is not really needed) and let ¥ be the simplicial complex of
all subsets A C X such that conv A is a facet of conv X. If A € X, denote by
C(A) the cone generated by A. Let C, = C,.(X) be the union of all C'(A) such
that |A| =r + 1 (so that C'(A) is r-dimensional).

Given a subset K C C,. such that conv K is a polytope with 0 in its interior
and such that K = C,. N conv K, we define SK C C,11 to be the intersection
of Cy41 with conv K, and we define T K to be the intersection of C,.; with the
intersection of all canonical half-spaces associated with r-facets of conv K that
lie entirely in C,.. This definition agrees with the previous one if X is the set
of points +e;. It is possible to make precise the sense in which the S and T
operations are dual to each other.

Several questions arise immediately. If one takes a suitably well-distributed set
of points in the n-sphere and applies an ST-sequence which would have produced
an approximation to ¢} if applied to {+e;}, then what does one get, or at least
what properties can one expect the resulting polytope (or normed space in the
symmetric case) to have? (A possible definition of “suitably well-distributed”
is that the identity on R™ can be expressed in the form y — > ¢;{x;,y)x; for
positive constants ¢; and points x; in the set.) What happens if one starts with
a regular simplex? In this case, does alternating between S and T produce an
approximation to a sphere? If so, what can one say about “simplex ¢;” for
p # 27 (One might, for example, expect that the unit balls of simplex £ and
simplex £} were equivalent via a negative multiple of the identity.) Is it possible
to define a space given a more general growth function and a compatible set of
starting points?

(E) One can regard ST-spaces as the result of a kind of interpolation between
L; and L,,. We give an indication of how this is done. Given a space X € Gy
and a decreasing function f supported on [0, at], we calculate its norm in S, (X)
by finding a function g of the form f V « restricted to [0, ¢], where ~ is minimal
such that ||g|l1 = ||f|l1. Its norm in T, (X) can be described in exactly the same
way, except that now ||gllcc = ||f|lcc (so that v = 0). Given a rearrangement-
invariant function space V, we could define V,,(X) in the same way. The norm
of f in V,(X) is the norm in X of the restriction of f Vv to [0,¢], where now =y
is chosen so that the V-norm of the two functions is the same.

If we have two Rl-spaces V and W, and an ST-sequence with corresponding
growth function A, we can replace each S, by a V,, and each T,, by a W,,. Denote
the resulting space by (V, W)[). Then (L1, Loo)(x) = La. (We have extended to
the whole of R —this presents no problems.) We can now take limits as before
and define (V, W)y for arbitrary growth functions A.
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Some questions that arise out of this definition are the following. What is the
relationship between this interpolation method and the complex interpolation
method, when A(t) = t!/P? It is not hard to show that (Lx, L) = Le, where
£ is defined by the differential equation

@) _ V@) XNz) <1 B V’(fv)) p(x)
§(x)  v(z) M) v(z) /) p(x)
so they agree with complex interpolation when V' and W are limits of ST-spaces.
Does this method give rise to an interpolation theorem, and is the resulting
constant 1?7 This would be interesting as it is a real method rather than a
complex one. Can the method be generalized to interpolation between arbitrary
spaces? (Probably it is not hard to generalize at least as far as lattices, but even
this is not a triviality.)

)

(F) It seems very likely that it is possible to generalize many of the results of this
paper to operator spaces. Do appropriate operator-space versions give operator
£,-spaces, as defined by Pisier? Does this give a means of defining operator Orlicz
spaces? Of course the answer to this last question can only be yes if ST-spaces
and Orlicz spaces coincide isomorphically.
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A Remark about the Scalar-Plus-Compact
Problem

W. TIMOTHY GOWERS

ABSTRACT. In [GM] a Banach space X was constructed such that every
operator from a subspace Y C X into the space is of the form Ay x + .5,
where Iy _, x is the inclusion map and S is strictly singular. In this paper
we show that there is an operator T" from a subspace Y C X into X which
is not of the form Ay _, x + K with K compact.

1. Introduction

It is an open problem whether there exists an infinite-dimensional Banach
space X such that every bounded linear operator from X to itself is of the
form Al + K, where )\ is a scalar, I is the identity on X and K is a compact
operator. The strongest property of a similar nature that has been obtained is
that a space may be hereditarily indecomposable (see [GM] for this definition and
several others throughout the paper), which implies [GM] that every operator
on it is of the form A + S, where S is strictly singular, and even [F1] that every
operator from a subspace into the space is a strictly singular perturbation of a
multiple of the inclusion map. (These results assume complex scalars but several
examples are known where the conclusion holds with real scalars.) In this note,
we show that the first hereditarily indecomposable space to be discovered [GM],
which we shall call X, has a subspace Y such that there is a non-compact strictly
singular operator from Y into X. Therefore this operator is not a compact
perturbation of a multiple of the inclusion map. Since all we are doing is showing
that one particular space does not give an example of a stronger property than
that required by the problem, the existence of this note needs some justification,
which we shall now provide.

First, if one is trying to solve the problem with an example, then a natural
line of attack is to try to construct a hereditarily indecomposable space such
that every strictly singular operator is compact. To ensure the second property,
a natural sufficient condition is the following: if u; < wug < ---and vy < vy < -~
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are any pair of normalized block bases such that (u,)° dominates (v,,)$°, then
they are actually equivalent. However, if such an example existed, then it would
also give an example of the stronger property about maps from subspaces, so
the stronger property is worth considering.

Second, the known hereditarily indecomposable spaces (for example [AD, F2,
G1, G2, GM, H]) are obvious places to start in any search for a counterexample.
Since not much was known about any of them in this respect, this note performs
a modest, but necessary function.

Third, the method of proof does not rely very much on the detailed properties
of the space X, so it is highly likely that it can be generalized, perhaps even to
some very wide class of spaces such as reflexive ones. Indeed, it is the author’s
belief (but this is just a guess) that every reflexive space has a subspace such
that there is a map from the subspace into the space which is not a compact
perturbation of the inclusion map.

Nevertheless, since the result of this note is rather specific, we shall assume
familiarity with the paper [GM], including its notation (although it is not nec-
essary to have followed everything), and in some places we shall sketch easy
arguments rather than proving them in full.

2. Construction of the Subspace and Operator into X

The main properties we shall use of the space X are the following two. Let
f(n) =logy(n +1). Then, for every z € X,

k
lall < ol v sup{ £0) V2 | Buall s k> 2 By < - < B,
i=1
which implies that the norm on X is dominated by the norm on Schlumprecht’s
space defined with the function /7.

The second property is that for every € > 0 and every m € N there is a
normalized block basis u; < ug < --- of X such that if aq,...,a,, are scalars
and i; < --+ < i, then, setting a = > " ajug;, there exist k and intervals
FEi < --- < Eg such that

lall = f(k Z [Eral = (1+¢)” Z la;l-

j=1

(To sketch the proof: let v1 < vy < --- be an infinite sequence in X such that
every subsequence of length M >> m is a rapidly increasing sequence with
constant 1+ &/2. Let each u; be a block consisting of M/m of the v;s added
together.)

Now let N3 < Ny < N3 < --- be a sufficiently fast-growing sequence of
integers. (It will be clear later that suitable choices of N; exist.) For each

integer s, let ugs) < uég) < ués) < --- be a block basis satisfying the condition
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above, with m = N, and € = 1. Now let us choose vectors y1, y2, ys, . . . satisfying
the following conditions.

(i) There is some function ¢ : N> — N such that y, = Y o, 2~ o ()g » for every
n,s.

(ii) Any pair of distinct u((;() n) have disjoint ranges.

(iii) If m < n then u(() )<u(() -

It is not hard to show that all these properties can be satisfied simultaneously.
Consider a sum of the form Zil @iYn,. If N < Ng, then

N
E AiYn,
=1

because we can estimate the norm on the left-hand side by isolating the con-
tribution from the block basis (ug»s)) and using the intervals F; < --- < Ej
guaranteed by the condition on this block basis. (Note that we are not simply
projecting onto the span of the ug-s), which would not be allowed as X does not
have an unconditional basis.)

Therefore, given any monotone function w : N — [4, oo] such that w(n) tends
to infinity with n, one can choose the sequence N3 < Ny < --- in such a way
that

N
> 9—s > 2—(s+1) Z |ai|7

iYi

> Lsup w(|A])~t a;
18D (AN~ lasl

whenever the left-hand side makes sense.

Our next aim is to show that if w is sufficiently slow-growing, then the norm
in X of any vector Y% a;e; is at most C'sup -y w(|A]) ™! Y, 4 ai| for some
absolute constant C. This will imply that there is a bounded linear map from Y’
to X taking ¥, to e,. This map is certainly not compact. Moreover, it follows
easily from the above estimate that it is infinitely singular, and hence, since X
is hereditarily indecomposable, strictly singular also. Thus, once we have the
estimate, the proof is finished.

Let L(w) be the space of all scalar sequences a = (ay,as,...) with

lall = sup w(lA])~ P lail.

€A

(This space is the dual of a Lorentz sequence space.) Let S be Schlumprecht’s
space, defined using the function g(n) = (logy(n + 1))/2. Let S’ be the sym-
metrization of S. That is, ||al| g, is the supremum of ||b]| g over all rearrangements
b of a. Then we have |laly < |lallg < |lallg,. Therefore, it is enough to show
that the formal identity from L(w) to S’ is continuous.

To prove this, it is enough to consider extreme points in the unit ball of L(w).
Such a point has a decreasing rearrangement a = (a1, aq, ... ), say, and it is easy
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to see that whenever Y "' | a; < w(n), we must have a, = a,41. Therefore, a
must be of the form

—w(ne)

=1 i=ni1+1 i=no+1
Furthermore,
n n.
S w(ng) —w(ne_q) = . .
Z - —e¢; =E Z (w(i) = w(i —1))ex(i,
. Ny —Np—1 .
i=n,_1+1 i=n,_1+1
where the average is over all permutations 7 of the set {n,_1+1, ..., n,}, soin

fact every extreme point of the ball of L(w) has as its decreasing rearrangement
the sequence (w(1), w(2) —w(1), w(3) —w(2), ...).

Since the unit vector basis is 1-symmetric in both L(w) and S’, all that re-
mains is to choose a decreasing sequence b,, — 0 such that Y °_, b,, = co and
[ (bm)|lg: < o0, so that we can set w(n) = > _ by,. The existence of such a
sequence is an easy exercise, given that the norm of Y ;_, e; in S is 7/ f(r).

3. Further Questions

It would be nice of course to solve the whole problem, but if this cannot
immediately be done, then to get more of a feel for the technicalities involved,
it would be good to obtain results similar to those of this paper for other known
hereditarily indecomposable spaces. For some of them the argument carries
through with only minor modifications (this is certainly true of [G2] and probably
of [F] and [H] as well). However, at least three known spaces present difficulties,
each of a different kind. One is the dual of the space X considered here, another
is the asymptotic ¢1-space constructed by Argyros and Delyanni and a third is
the non-reflexive space constructed in [G1]. Some of these difficulties appear to
be merely technical, but the problems should still be investigated.
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Another Low-Technology Estimate
in Convex Geometry

GREG KUPERBERG

ABSTRACT. We give a short argument that for some C > 0, every n-
dimensional Banach ball K admits a 256-round subquotient of dimension at
least Cn/(logn). This is a weak version of Milman’s quotient of subspace
theorem, which lacks the logarithmic factor.

Let V be a finite-dimensional vector space over R and let V* denote the dual
vector space. A symmetric convex body or (Banach) ball is a compact convex
set with nonempty interior which is invariant under under = +— —z. We define

K° C V*, the dual of a ball K C V, by

Ke={yeV"®

y(K) C [=1,1]}
A ball K is the unit ball of a unique Banach norm || - || x defined by
[vllx = min{t|v € tK}.

A ball K is an ellipsoid if |||k is an inner-product norm. Note that all ellipsoids
are equivalent under the action of GL(V).

If V is not given with a volume form, then a volume such as Vol K for
K C V is undefined. However, some expressions such as (Vol K)(Vol K°) or
(Vol K)/(Vol K') for K, K’ C V are well-defined, because they are independent
of the choice of a volume form on V, or equivalently because they are invariant
under GL(V) if a volume form is chosen.

An n-dimensional ball K is r-semiround [8] if it contains an ellipsoid E such
that

(Vol K)/(Vol E) <™.

1991 Mathematics Subject Classification. Primary 52A21; Secondary 46B03.
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It is r-round if it contains an ellipsoid F such that K C rE. Santalé’s inequality
states that if K is an n-dimensional ball and E is an n-dimensional ellipsoid,

(Vol K)(Vol K°) < (Vol E)(Vol E°).

(Saint-Raymond [7], Ball [1], and Meyer and Pajor [4] have given elementary
proofs of Santald’s inequality.) It follows that if K is r-round, then either K or
K° is \/r-semiround.

If K is a ball in a vector space V and W is a subspace, we define W N K
to be a slice of K and the image of K in V/W to be a projection of K; they
are both balls. Following Milman [5], we define a subquotient of K to be a slice
of a projection of K. Note that a slice of a projection is also a projection of a
slice, so that we could also have called a subquotient a proslice. It follows that
a subquotient of a subquotient is a subquotient. Note also that a slice of K is
dual to a projection of K°, and therefore a subquotient of K is dual to a proslice
(or a subquotient) of K°.

In this paper we prove the following theorem:

THEOREM 1. Suppose that K is a (28+1n)-dimensional ball which is (2(3/2)k -4)-
semiround, with k > 0. Then K has a 256-round, n-dimenstonal subquotient.

COROLLARY 2. There exists a constant C' > 0 such that every n-dimensional
ball K admits a 256-round subquotient of dimension at least Cn/(logn).

The corollary follows from the theorem of John that every n-dimensional ball is

(v/n)-round.

The corollary is a weak version of a celebrated result of Milman [5; 6]:

THEOREM 3 (MILMAN). For every C > 1, there exists D > 0, and for every
D < 1 there exists a C, such that every n-dimensional ball K admits a C-round
subquotient of dimension at least Dn.

However, the argument given here for Theorem 1 is simpler than any known
proof of Theorem 3.

Theorem 3 has many consequences in the asymptotic theory of convex bodies,
among them a dual of Santalo’s inequality:

THEOREM 4 (BOURGAIN, MILMAN). There exists a C > 0 such that for every
n and for every n-dimensional ball K,

(Vol K)(Vol K°) > C"(Vol E)(Vol E°).

Theorem 4 is an asymptotic version of Mahler’s conjecture, which states that
for fixed n, (Vol K)(Vol K°) is minimized for a cube. In a previous paper, the
author [3] established a weak version of Theorem 4 also, namely that

Vol (K) Vol (K°) > (logyn) ™" Vol (E) Vol (E°)

for n > 4. That result was the motivation for the present paper.
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The author speculates that there are elementary arguments for both Theo-
rems 3 and 4, which moreoever would establish reasonable values for the arbitrary
constants in the statements of these theorems.

The Proof

The proof is a variation of a construction of Kashin [8]. For every k let Qj be
the volume of the unit ball in R¥; €, is given by the formula

k2

r&+1)

Let V be an n-dimensional vector space with a distinguished ellipsoid F, to be
thought of as a round unit ball in V| so that V is isometric to standard R™
under || - ||g. Give V the standard volume structure dZ on R™. In particular,
Vol E = Q,. Endow OF, the unit sphere, with the invariant measure p with
total weight 1. If K is some other ball in V| then

Vol K = Qn/ l|lz]| " dp
OE

and, more generally,

k 1= nQn/ —n—k
dx = dis.
[tttz = e e

Let f be a continuous function on OE. Let 0 < d < n be an integer and consider
the space of d-dimensional subspaces of V. This space has a unique probability
measure invariant under rotational symmetry. If W is such a subspace chosen
at random with respect to this measure, then for any continuous function f,

f@)dp=E [ / f(w)du] , (1)
OF A(ENW)

where p denotes the invariant measure of total weight 1 on £ N W also. In
particular, there must be some W for which the integral of f on the right side
of equation (1) is less than or equal to that of the left side, which is the average
value.

The theorem follows by induction from the case £ = 0 and from the claim
that if K is a (2n)-dimensional ball which is r-semiround, then K has an n-
dimensional slice K” such that either K” or its dual is (2r)?/3-semiround. In
both cases, we assume that K is r-semiround and has dimension 2n and we
proceed with a parallel analysis.

There exists an (n + 1)-dimensional subspace V’ of V' such that:

Vol K
—2n 2n
K dp < = 2
/8\E/ Hx” Vol F T ( )
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where B/ = ENV’'. Let K' = V' N K. Then

_ 2n / _

2n n—1 3=

x dp = ——— x||m ~ dE. 3
[ telidn = —Se— [l Q
Let p be a point in K’ such that s = ||p||g is maximized; in particular K’ is s-

round Let V" be the subspace of V'’ perpendicular to p and define K" = V"NK
and E” = V" NE. The convex hull S(K") of K" U{p, —p} is a double cone with
base K" (or suspension of K”), and S(K") C K'. We establish an estimate that
shows that either s or Vol K" is small. Let xg be a coordinate for V' given by
distance from V". Then

/ ||xug,—1d:zz/ ||x||g,—1d5a>/ o[ dF
K/ S(K//) S(K//)
- 2/ znt (Vol (1 _ @)K”) dzo
0 S

1
=2(Vol K”)s"/ "1 — )" dt
0
2(n—1)In!
—_— 4
(2n)! )
We combine equations (2), (3), and (4) with the inequality
Qpdn(n —1)In! 20 (2£3) (n — 2)!n!

Qnir(n—1)(2n)!  /70(%E2)(2n - 1)!

(Proof: Let f(n) be the left side. By Stirling’s approximation, f(n)4" — 23/2 as
n — 0o. Since

= (Vol K")s"

—n

fn+2) 1n*>+2n-3 <i
f(n)  44n2+8n+3 16

the limit is approached from above.) The final result is that

Vol K"
Vol B < (2r)2nsTm,

In the case k = 0, r = 8. Since E” C K", Vol K" > Vol E”, which implies
that s < 472 = 256. Since K" is s-round, it is the desired subquotient of K.

If £ > 1, then suppose first that s < (2r)*/3. In this case K" is (2r)*/3-round,
which implies by Santald’s inequality that either K" or K”'° is (27)%/3-semiround.
On the other hand, if s > (2r)%/3, then K" is (2r)?/3-semiround. In either case,
the induction hypothesis is satisfied.
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On the Equivalence Between Geometric and
Arithmetic Means for Log-Concave Measures

RAFAL LATALA

ABSTRACT. Let X be a random vector with log-concave distribution in
some Banach space. We prove that || X||, < Cp||X]||o for any p > 0, where
1X]lp = (E|IX||?)Y/?, || X|lo = exp EIn || X|| and C, are constants depend-
ing only on p. We also derive some estimates of log-concave measures of
small balls.

Introduction. Let X be a random vector with log-concave distribution (for
precise definitions see below). It is known that for any measurable seminorm
and p, ¢ > 0 the inequality

1Xlp < Cpq

Ry

holds with constants C, , depending only on p and ¢ (see [4], Appendix III).
In this paper we show that the above constants can be made independent of g,
which is equivalent to the inequality

Xl < CpllXTlo, (1)

where || X||o is the geometric mean of || X||. In the particular case in which X
is uniformly distributed on some convex compact set in R™ and the seminorm is
given by some functional, inequality (1) was established by V. D. Milman and A.
Pajor [3]. As a consequence of (1) we prove the result of Ullrich [6] concerning
the equivalence of means for sums of independent Steinhaus random variables
with vector coefficients, even though these random-variables are not log-concave
(Corollary 2).

To prove (1) we derive some estimates of log-concave measures of small balls
(Corollary 1), which are of independent interest. In the case of Gaussian random
variables they were formulated and established in a weaker version in [5] and
completelely proved in [2].
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Definitions and Notation. Let E be a complete, separable, metric vector
space endowed with its Borel o—algebra Bg.By i we denote a log-concave prob-
ability measure on (E, Bg) (for some characterizations, properties and examples,
see [1]) i.e. a probability measure with the property that for any Borel subsets
A, B and all 0 < A < 1 we have

pOAA+ (1= N)B) > p(A) u(B)

We say that a random vector X with values in F is log-concave if the distribution
of X is log-concave.For a random vector X and a measurable seminorm ||.|| on
E (i.e. Borel measurable, nonnegative, subadditive and positively homogeneous
function on E) we define

IX[lp = (E|IX|[P)"/? for p > 0
and
1X0lo = timn, [ Xl = exp(E In [[X]).
Let us begin with the following Lemma from [1].

LEMMA 1. For any convex, symmetric Borel set B and k > 1 we have

1 M(B)>(k+l)/2
1(B) '

PROOF. The statement follows immediately from the log-concavity of 1 and the

p((kB)) < #(B)(

inclusion
k—1 2 . .
mB + m(sz) C B°. O

LEMMA 2. If B is a convex, symmetric Borel set, with un(KB) > (1 + §)u(B)
for some K > 1 and § > 0 then

w(tB) < Ctu(B) for any t € (0,1),
where C' = C(K/0) is a constant depending only on K /4.

PRrROOF. Obviously it’s enough to prove the result for t = 1/2n, n =1,2,.... So
let us fix n and define, for u > 0,

P,={z:|z|lp € (u—1/2n,u+1/2n)},
where
lz||g = inf{t > 0:z € tB}.
By simple calculation AP, + (1 — \)(2n)"1B C Py, so
#(Pr) 2 (P u(20) " B)I for A € (0,1), 2)

From the assumptions it easily follows that there exists u > 1 such that u(P,) >
Su(B)/Kn. Let u((2n)"'B) = ku(B)/n. If k < 25/K we are done, so we will
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assume that x > 2§/K. Then by (2) it follows that u(Py) > du(B)/Kn. The
sets Pin—1)/ns Ptn—2)/n>- -+ Pi/n, (2n) "1 B are disjoint subsets of B, and hence

/J'(B) > N(P(n—l)/n) +- 1+ :u’(Pl/n) + M((2n)_1B)
Using our estimations of u(Py) and u((2n)~1B) we obtain by (2)
p(B) = ™ (B)((8/K) "0/ g (8K )

K 1-0/Kk K 1
SRS ) el AN AR § ;3 N
MG R T 2 3P PTG R
Therefore
k< 2n(l—(6/Kr)Y/™) <2InKk/S,
so that k < C(K/6) and the lemma follows. O

COROLLARY 1. For each b < 1 there exists a constant Cy such that for every

log-concave probability measure p and every measurable convexr, symmetric set
B with u(B) < b we have

w(tB) < Cytu(B) fort € [0,1].

PROOF. If u(B) = 2/3 then by Lemma 1 (3B) > 5/6 = (1 + 1/4)u(B), so by
Lemma 2 for some constant C1, u(tB) < Citu(B).

If u(B) € [1/3,2/3] then obviously u(tB) < 2C1tu(B).

If 4(B) < 1/3, let K be such that u(KB) = 2/3. By the above case p(B) <

C1K~'u(KB), and hence
~ KB
KgQCl(”( ) —1>.
(B)
So Lemma 2 gives in this case that u(tB) < Cotu(B) for some constant Cs.

Finally if pu(B) > 2/3, but p(B) < b < 1 then by Lemma 1 for some K} < oo,
u(K, ' B) < 2/3 and we can use the previous calculations. O

THEOREM 1. For any p > 0 there exists a universal constant C,, depending only
on p such that for any sequence X1, ..., X, of independent log-concave random
vectors and any measurable seminorm ||.|| on E we have

>x| <o) x
i=1 i=1

PROOF. Since a convolution of log-concave measures is also log-concave (see [1])
we may and do assume that n = 1. Let

<G,
p

0

M =inf{t: P(|X1]| > t) < 2/3}.

Then by Lemma 1 (used for B = {& € FE : ||z|| < M}) it follows easily that
| X1l < apM for p > 0 and some constants a, depending only on p. By similar
reasoning Corollary 1 yields || X;]o > aoM. O
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COROLLARY 2. Let E be a complex Banach space and X1, ..., X, be a sequence
of independent random variables uniformly distributed on the unit circle {z € C :
|z| = 1}. Then for any sequence of vectors vy,...,v, € E and any p > 0 the
following inequality holds:

HZUI’“X]’C ZUka

where K, is a constant depending only on p.

)

<K,
p 0

PROOF. It is enough to prove Corollary for p > 1. Let Y7,...,Y,, be a sequence
of independent random variables uniformly distributed on the unit disc {z :
|z] <1}. By Theorem 1 we have

szkyk kaYkHO. (3)

But we may represent Y; in the form Y, = Ry Xy, where Ry are independent,

<G,
p

identically distributed random variables on [0, 1] (with an appropriate distribu-

tion), which are independent of Xj. Hence, by taking conditional expectation
we obtain
> (ERy)

szkYk , ’ZUka ) (4)

Finally let us observe that for any u,v € E the function f(z) = In|ju + zv|| is
subharmonic on C, so ¢g(r) = Eln|ju + rvX;|| is nondecreasing on [0, 00) and

therefore
[, = [,

The corollary follows from (3), (4) and (5). O
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On the Constant in the Reverse
Brunn—Minkowski Inequality for p-Convex Balls

ALEXANDER E. LITVAK

ABSTRACT. This note is devoted to the study of the dependence on p of the
constant in the reverse Brunn—Minkowski inequality for p-convex balls
(that is, p-convex symmetric bodies). We will show that this constant is
estimated as ¢'/P < C(p) < C'"™(2/P)/P | for absolute constants ¢ > 1 and
C>1

Let K C R™ and 0 < p < 1. K is called a p-convex set if for any A, u € (0,1)
such that A\? + pP = 1 and for any points z,y € K the point Az + py belongs to
K. We will call a p-convex compact centrally symmetric body a p-ball.

Recall that a p-norm on real vector space X is amap ||-|| : X — R™ satisfying
these conditions:

(1) ||z]| > 0 for all = # 0.
(2) |[tz|| = |¢t|||=| for all t € R and = € X.
@) [z +yll” < flz]” + l[y[|P for all 2,y € X.

Note that the unit ball of p-normed space is a p-ball and, vice versa, the gauge
of p-ball is a p-norm.

Recently, J. Bastero, J. Bernués, and A. Pefia [BBP| extended the reverse
Brunn—Minkowski inequality, which was discovered by V. Milman [M], to the
class of p-convex balls. They proved the following result:

THEOREM 0. Let 0 < p < 1. There exists a constant C = C(p) > 1 such that for
alln > 1 and all p-balls A1, Ao C R"™, there exists a linear operator v : R™ — R"
with |det(u)] =1 and

|uAy, + A2|1/n < C(|A1|1/n + |A2|1/n)a (1)

where |A| denotes the volume of body A.

This research was supported by Grant No. 92-00285 from United States—Israel Binational
Science Foundation (BSF).

129



130 ALEXANDER E. LITVAK

Their proof yields an estimate C(p) < Cn(2/P)/p*,
We will obtain a much better estimate for C(p):

THEOREM 1. There exist absolute constants ¢ > 1 and C > 1 such that the
constant C(p) in (1) satisfies

/P <C(p) < c'n2/p)/p

The proof of Theorem 0 [BBP] was based on an estimate of the entropy numbers
(see also [Pi]). We use the same idea, but obtain the better dependence of the
constant on p.

Let us recall the definitions of the Kolmogorov and entropy numbers. Let
U : X — Y be an operator between two Banach spaces. Let k£ > 0 be an integer.
The Kolmogorov numbers are defined by the following formula

dp(U) = inf {|QsU|| | SC Y, dim S =k },

where Qs : Y — Y/S is a quotient map. For any subsets K7, Ko of Y denote by
N (K7, K5) the smallest number N such that there are N points y1,...,ynx in Y
such that

N
Ky C [ (yi + Ka).
i=1
Denote the unit ball of the space X (Y) by Bx (By) and define the entropy

numbers by
er(U) =inf {¢ > 0| N(UBx,eBy) < 2871}

For p-convex balls By, By C R™, with 0 < p < 1, we will denote the identity
operator from (R™, || - [|1) to (R™, || - ||2) by By — Ba, where || - ||; (i = 1,2) is
the p-norm whose unit ball is B;.

THEOREM 2. Given o > 1/p — 1/2, there exists a constant C = C(«,p) such
that, for any n and any p-convex ball B C R™, there exists an ellipsoid D C R"™
such that, for every 1 <k <mn,

max{d,(D — B), ex(B — D)} <C(n/k)* .

Moreover, there is an absolute constant ¢ such that

c/p 8/
2 1 3(1—p) 3(1—p)
< | - _ = <
Cla,p) < (p) <1_5> for a > o ) o p <

and

c/p” s B
C(a,p)g (;) ( ! > fO’f' Oé>2%—1 5:M‘ (3)

1—¢ 2’ o

REMARK 1. In fact, in [BBP]| Theorem 2 was proved with estimate (3). Using
this result we prove estimate (2).
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In the following C(q, p) will denote the best possible constant from Theorem 2.
The main point of the proof is the following lemma.
LEMMA 1. Letp,q,0 € (0,1) such that1/q—1 = (1/p—1)(1—6) and v = a(1-6).
Then
Cla,p) < 272107 (e /(1 - 0))*Cpy ™" Cy, )/,
where
o D(1+(1-p)/p)
P T(+0(1-p)/p)T(1+(1-0)(1—p)/p)’

For the reader’s convenience we postpone the proof of this lemma.

I' is the gamma function.

PROOF OF THEOREM 2. Take ¢ =1/2, 1—60 =p/(1—p). Then Cpy = (1—p)/p
and, consequently, by Lemma 1,

e\” 1\ /7 ap 1
Clap) < e ® zw() c()
(@p) = (p) p l—-p 2

Inequality (3) implies

8/6 B
of2? oo (L) gheres=20P)
1—p" 2 1-9 2pa

Thus for @ > 3(1 — p)/(2p) and p < 1/2 we obtain

cons (3)" (i25)” :

PRrROOF OF THEOREM 1. By B. Carl’s theorem ([C], or see Theorem 5.2 of [Pi])
for any operator u between Banach spaces the following inequality holds

sup k%er (1) < pq sup k%dg(u).

k<n k<n

One can check that Carl’s proof works in the p-convex case also and gives
Pa < Cl/p(ca)Ca

for some absolute constant C. Let us fix « = 2/p. Then, by Theorem 2, we have
that for any p-convex body K there exists an ellipsoid D such that

max{e,(D — B), e (B — D)} < c(/P)/p,

The standard argument [Pi] gives the upper estimate for C),.

To show the lower bound we use the following example. Let B} be a unit ball
in the space [;; and B3 be a unit ball in the space 3. Denote
_ B3| L@/ A +n/p) ., n'/P712

= 0 )

A — =
|Bp[t/n TYn(1+n/2)T(141/p) — 1/p

where Cy is an absolute constant.
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Consider a body

K = ABj}.
We are going to estimate from below
|UBy + K|'/" _|UBY + K|/
|UB§L‘1/H + |K|1/n - 2|B£L|1/n

for an arbitrary operator U : R” — R™ with |det U| = 1.

To simplify the sum of bodies in the example let us use the Steiner sym-
metrization with respect to vectors from the canonical basis of R™ (see, e.g.,
[BLM], for precise definitions). Usually the Steiner symmetrization is defined
for convex bodies, but if we take the unit ball of [} and any coordinate vec-
tor then we have the similar situation. The following properties of the Steiner
symmetrization are well-known (and can be directly checked):

(i) Tt preserves volume.

(ii) The symmetrization of sum of two bodies contains sum of symmetrizations
of these bodies.

(iii) Given an ellipsoid UBY, a consecutive application of the Steiner sym-
metrizations with respect to all vectors from the canonical basis results in
the ellipsoid V' By, where V is a diagonal operator (depending on U).

That means that in our example it is enough to consider a diagonal operator U
with |det U| = 1.

Let b € (0,1) and P; be the orthogonal projection on a coordinate subspace
of dimension n — 1. Then direct computations give for every r > 0

rby
UBy +rBy| > 2/0 |PLUBY + br Py By | dz > 2rb,|PLUBY + br P, BY],

where b, = (p(1 — b))'/?. Since P LK = AB}~!, by induction arguments one has
UBg + K| > (24b+-9/2p )" | P.UBY + b* K],

where P, is the orthogonal projection on an arbitrary (n—k)-dimensional coor-
dinate subspace of R™. Choosing b = exp(—2/(kp)), Py such that |P,UBY| >
|BY | and k = [n/2] we get

By + K|
Clp) > ————
)= g

> eVp!2 (4/e)
for sufficiently large n and an absolute constant ¢;. That gives the result for p

small enough, namely, p < ¢y, where ¢g is an absolute constant. For p € (¢, 1]
the result follows from the convex case. |

>

1
2

n—k\ 1/n
(24e1/P (2/k)1/p)k/n<|32n |>
|B3 |
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To prove Lemma 1 we will use the Lions—Peetre interpolation [BL, K] with
parameters (6, 1).
Let us recall some definitions.

Let X be a quasi-normed space with an equivalent quasi-norms || ||o and [|-||1.
Let X; = (X, |- 1),
Define K(t,l‘) = mf{onHo + tHlel | T =X+ Il} and

K (t,7)
lello. = 61— 0) e,
0

for 6 € (0,1).
The interpolation space (Xo, X1)g,1 is the space (X, || - [lg.1)-

CLamM 1. Let || -llo=1 -l =1 - be p-norms on space X. Then
1
cT,g”mH < lzllo,n <l
for every x € X, with Cpg as in Lemma 1.
PROOF. |z|lg,1 < ||z| since

inf {[|lzolly + tllzall, | 2= zo 421} < min(L, ) ||z]

and
T K (t,x) 2 min(1, 1)
lellos =01 -0) [ SPar<on-6) [ gD el = lal.
By p-convexity of the norm || - || for a = ||y||/||z|| <1 we have
lyll + tllz -yl 1 t P
MR > g4¢(1—a?)/P>—— where s= ——.
R (e DT y
Hence
t
K(t,x) =inf {[lzolly + tllzall, | 2=z0+a1} > [l RESDIC
and
oo dt 1—60 0\ 6(1—
HwHGJ > 9(1 _ 9)/ - B = ( S)
B ) Ao s 0s) s
_(0/8)0(8/s)((1—0)/s)T((1—0)/s) _ 1
(1/s)T(1/s) Cpo’
where B(z,y) is the beta function. This proves the claim. a
Cram 2. Let ||-llo=|l-lli = |- || be norms on X. Then ||x|lo,1 = ||x|| for every
reX.

PROOF. In case of norm K(t,x) = min(1,¢)|z|. So, ||z

0.0 = |zl 0

The next statement is standard (see [BL] or [K]).
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Cram 3. Let X;,Y; (i =0, 1) be quasi-normed spaces. LetT : X; — Y; (i =0,1)
be a linear operator. Then

IT = (X0, X1)o,1 = (Yo, Yi)oull < [|IT: Xo — Yo' °IT: X1 — Wi,
CrAamm 4. Let X; (i =0,1) be quasi-normed spaces. Then for every N > 1,
(Z{V (XO) > l{V (Xl))gJ = Z{V((XO’Xl)e,l)
with equal norms.

PROOF. The conclusion of this claim follows from the equality

N
K(t7 Tr = ($1,l‘2, cee a'rN)7 Z{V(Xo)a Z{V(Xl)) = ZK(t7xi7XO7X1)' O

i=1

CrLamM 5. Let X; (i =0,1) be quasi-normed spaces, Y be a p-normed space. Let
T:X, (i=0,1) =Y be a linear operator. Then for every ko, k1 > 1

ot —1 (T 2 (X0, X1)p1 — V) < Cpody, *(T: Xo = Y)dy (T : X1 - Y).

PROOF. As in the convex case [P], fix ¢ > 0. Consider a subspace S; C Y
(i =0,1) such that dim S; < k; and

|Qs, T : X; = Y/S;|| < (14 ¢e)dy, (T X — Y).
Let S = span(Sp, S1) C Y. Then dim S < kg + k1 — 1 and
1QsT : X; — Y/S|| < ||Qs, T : X; — Y/S;]|-

Note that quotient space of a p-normed space is again a p-normed one. Because
of this, and by Claims 1 and 3,

1QsT : (Xo, X1)o,1 = Y/ S| < CpollQsT : (Xo, X1)oq — (Y/S,Y/S)ol
< CpllQsT : Xo = Y/S|'°|QsT: X1 — Y/ 5|’
< CppllQs,T = Xo — Y/ So[|'°)|Qs, T : X1 — Y/ S |°
< Cho(1 4 )27y (T': Xo = V) Py, (T: X1 — V)’
This completes the proof. ([l
PRrROOF OF LEMMA 1.
Step 1. Let D be an optimal ellipsoid such that
dp(D — B) < C(a,p)(n/k)* and ex(B — D) < C(a,p)(n/k)

for every 1 < k < n.
Let A = C(a,p)(n/k)>.
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Step 2. Now denote the body (B, D)g.1 by Bg. By Claim 5 (applied for ky = 1),
for every 1 < k < n we have

di(Bg — B) < Cpy||B — B||'~%(dx(D — B))? < Cpp\°.

It follows from the definition of entropy numbers that B is covered by 2F~1
translates of AD with centers in R™. Replacing AD with 2AD we can choose
these centers in B. Therefore there are 251 points z; € B (1 <i< 2’“*1) such
that

2k—1
Bc | (i+22D).
i=1
This means that for any 2z € B there is some z; € B such that ||z — z;||p < 2.
Also, by p-convexity, ||z — 2;||p < 2'/P. By taking the operator u, : R —
X, uyt = tx for some fixed z, and applying Claim 3 (or see [BL], [BS]) it is clear
that
lzllz, < llll5 15
Hence, for any z € B there exists x; € B such that
2 = zills, < (2Y7)'70(22)°,
that is,
ex(B — By) < 20=9/7(2))?,
Thus, we obtain
dp(Byp — B) < CpX? and  ep(B — By) < 202(1=0)/P )0
for every 1 < k < n.

LEMMA 2. Let B C R™ be a p-convex ball and D C R™ be a convex body. Let
0<6<1and By =(B,D)gp1. Then there exists a q-convex body B? such that
By C B C 2Y9By, where 1/q — 1= (1/p —1)(1 —6).

PrOOF. Take the operator U : [?(R") — R" defined by U((z,y)) = x +y. Since
lz +yllp <227 (lzllg + llylp)  and 2 +yllp < (llp + Nyl p)
and by Claims 3, 4 we have
lz +yll 5, < 2072027 (el 5, + Nyl g,) -

But by the Aoki-Rolewicz theorem for every quasi-norm ||-|| with the constant
C' in the quasi-triangle inequality there exists a g-norm

n 1/‘1 n
[ - |q:inf{ <Z ||xz||q> n > 0, x:sz}
=1

i=1

such that ||z, < ||z|| < 2C|z|, with ¢ satisfying 21/~ = C ([KPR, R]; see
also [K], p.47).

Thus, By C B? C 2'/9By, where BY is a unit ball of g-norm || - ||, O




136 ALEXANDER E. LITVAK

REMARK 2. Essentially, Lemma 2 goes back to Theorem 5.6.2 of [BL]. However,
the particular case that we need is simpler and we are able to estimate the
constant of equivalence.
Note that Lemma 2 can be easily extended to the more general case:
LEMMA 2'. Let B; C R™ be a p;-convez bodies for i = 0,1 and By = (B, B1)s,1-
Then there ezists a q-convex body B? such that By C B C 2'/9By, where

1 1-6 0

R + —.
q Po p1
REMARK 3. N. Kalton pointed out to us that the interpolation body (B, D)g1
between a p-convex B and an ellipsoid D is equivalent to some g-convex body
for any g € (0, 1] satisfying

1/¢=1/2>(1/p—-1/2)(1 - 0).

To prove this result one have to use methods of [Kal] and [KT]. Certainly, with
growing ¢ the constant of equivalence becomes worse.

Step 3. By definition of C(a,p) for B? from Lemma 2 and v = «(1 — §) there
exists an ellipsoid D7 such that for every 1 <k <n

di(Dy — BY) < C(v,q)(n/k)" and er(B? — D1) < C(v,q)(n/k)7.

By the ideal property of the numbers dj, e, and because of the inclusion By C
B1 C 21/‘139, forevery 1 <k<n

di(D1 — By) < 2Y1C(v,q)(n/k)Y and er(Bs — D1) < C(v,q)(n/k)7.

Step 4. Let a = 1+ [k(1 — 0)]. Using multiplicative properties of the numbers
dy, er we get

di(D1 — B) < dgy1-a(D1 — Bg)do(Bs — B)

< CpoA?2Y1C (v, q) (n/k)" <(1_91)1_999>

e
1-46

a(l1-0)
<Clan’(+55)" CuRiC0 gk

and
ex(B — D1) < egpt1—a(B — Byg)eqa(Bg — Dy)

1 [
< 9099(1-0)/p 0 N —
<292 N C(v,q)(n/k) <(1 - 9)1999>

e
< C(a,zo)“)<1 —5

By the minimality of C(«,p) and since 1/¢ <14 (1 — 0)/p we have

a(l-0)
) 2200y, g (/)

e
1-46

a(l1-0)
Cla,p) < C(oz,p)9< ) ' Cpo2' 70P2C (v, q) (n/ k).
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That proves Lemma 1. O
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The Extension of the Finite-Dimensional Version
of Krivine’s Theorem to Quasi-Normed Spaces

ALEXANDER E. LITVAK

ABSTRACT. In 1980 D. Amir and V. D. Milman gave a quantitative finite-
dimensional version of Krivine’s theorem. We extend their version of the
Krivine’s theorem to the quasi-convex setting and provide a quantitative
version for p-convex norms.

Recently, a number of results of the Local Theory have been extended to
the quasi-normed spaces. There are several works [Kall, Kal2, D, GL, KT,
GK, BBP1, BBP2, M2| where such results as Dvoretzky—Rogers lemma [DvR],
Dvoretzky theorem [Dv1, Dv2], Milman’s subspace-quotient theorem [M1], Kriv-
ine’s theorem [Kr], Pisier’s abstract version of Grotendick’s theorem [P1, P2],
Gluskin’s theorem on Minkowski compactum [G], Milman’s reverse Brunn—-Min-
kowski inequality [M3], and Milman’s isomorphic regularization theorem [M4] are
extended to quasi-normed spaces after they were established for normed spaces.
It is somewhat surprising since the first proofs of these facts substantially used
convexity and duality.

In [AM2] D. Amir and V. D. Milman proved the local version of Krivine’s
theorem (see also [Gow], [MS]). They studied quantitative estimates appearing
in this theorem. We extend their result to the ¢g- and quasi-normed spaces.

Recall that a quasi-norm on a real vector space X isamap |- || : X — R*
satisfying these conditions:

(1) ||lz|| > 0 for all = # 0.

(2) |Itz|l = |t]||z|| for all t € R and x € X.

(3) There exists C > 1 such that ||z + y|| < C(||z]| + ||y||) for all z,y € X.
(

If (3) is substituted by

(3a) |lz+yl|? < ||z||7 + ||ly||? for all x,y € X, for some fixed ¢q € (0,1],

This research was supported by Grant No. 92-00285 from United States—Israel Binational
Science Foundation (BSF).
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then || - || is called a g-norm on X. Note that l-norm is the usual norm. It is
obvious that every g-norm is a quasi-norm with C' = 2'/9~!, However, not every
quasi-norm is g-norm for some g. Moreover, it is even not necessary continuous.
It can be shown by the following simple example. Let f be a positive function
on the Euclidean sphere S”~! defined by

fa) = {|x| for = E'A,

2|z| otherwise.

Here A is a subset of S"~! such that both A and S"~1\ A are dense in S"1.
Denote ||z|| = |=|f(z/|z|). Because f is not continuous it is clear that || - || is not
g-norm for any ¢ though it is the quasi-norm.

The next lemma is the Aoki-Rolewicz Theorem ([KPR, R]; see also [K, p. 47]).

LEMMA 1. Let || - || be a quasi-norm with the constant C in the quasi-triangle
inequality. Then there exists a g-norm || - || for which

lzllg < llzll < 2C|zllq
with q satisfying 2971 = C. This g-norm can be defined as follows

n 1/q n
|mm=mﬁ<§]mw> 1n>&$=§:m}
=1

i=1

We refer to [KPR] for further properties of the quasi- and g-norms.

THEOREM 1. Let {e;}} be a unit vector basis in R™, || - ||, be a l,-norm on R™,
e | 0 aell, = (X, |ai\p)1/p, for 0 <p<oo. Let| -| be a g-norm on R™
such that
O lellp < llzll < Cellzlly (1)
for every x € R™. Then for every € > 0 and C = C1Cs there exists a block
SeqUENCe U1, U, . . ., Um Of €1,€2,...,e, which satisfies
1/p 1/p
(1—¢) <Z|al|1’) (1+¢) <Z|al|1’) (2)
for all ay,as,...,a, and m > C(e,p,q) (n/logn)”, where
(6751} €0
=—— <1 d > 1;
T for p an v= 5o 1 1 for p>
/a
o B gs/2 \"
w=mintpa)s 0= (5 Gi)

REMARK 1. If p > 1 in this theorem, then we have the well-known finite-
dimensional version of Krivine’s theorem with some modifications concerning
change of the usual norm to the g-norm. In this case for small enough ¢ we get
g0~ (qe/4)"% and v ~ &.



FINITE-DIMENSIONAL KRIVINE’S THEOREM FOR QUASI-NORMED SPACES141

The case p < 1 is more interesting. We get an extension of the finite-
dimensional version of Krivine’s theorem. To provide an intuition for the behav-
ior of the constant in the theorem we point out that for small enough p and ¢
with p = ¢ we can take g9 ~ ¢¢/30 and v = ¢.

REMARK 2. By Lemma 1 in the case of quasi-norm with the constant Cy the
inequality (2) is substituted with

m 1/p m 1/p
(1-¢) (Z'ai|p> < §2<1+€)CQ<Z|LMP> .

Due to the example above, we can not remove the constant Cy in this inequality.

The proof of the theorem consists of two lemmas.

LEMMA 2. For every n > 0 there exists a constant C(n) > 0 such that if || - || is
a g-norm on R™ satisfying (1) then there exists a block sequence y1,ya, ..., Yk of
€1,€2,...,en which is (1 4+ n)-symmetric and k > C(n, q,p)n/logn.

LEMMA 3. If y1,¥y2,..., Yk s a l-symmelric sequence in a normed space satis-
fying
Cr Hall, < < Callallp
foralla = (ay,as,...,a;) € R¥ then for every e > 0 there exists a block sequence
UL, Uy - - s Uy Of Y1,Y2, ..., Yr Such that
(1 —=2)lall, < Za ui|| < (1+¢)lallp

for all a = (a1, az,...,ay) € R™, where m > C(p,q)eP/ k",

agp 1)
=—— for p<1l and v=
€0+ p+aegg for p 2e0 + 1

qe p/q
a=min{p,q}, eo=|——F .
1+ Ca124/p

At first, D. Amir and V. D. Milman ([AM2]; see also [MS]) proved Lemma 2 for
q =1, p > 1 with the estimate k > C(, ¢, p)n'/3. Their proof can be modified
to obtain result for 0 < p < o0, ¢ < 1. Afterwards, W. T. Gowers [Gow] showed
that the estimate of k can be improved to k > C(n,q,p)n/Ilnn. In fact, he
gave two different, though similar, proofs for cases p = 1 and p > 1. The proof
given for case p = 1 strongly used the convexity of the norm and the fact that
p is equal to 1. However, the method used for p > 1 actually works for every
0 < p < oo and even for g-norms. Let us recall the idea of W. T. Gowers. First
we will introduce some definition.

for p>1,
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Let Q be the group {—1,1}" x S,,, where S,, is the permutation group. Let
U be the group {—1,1}* x S. For

n k
b:ZbieieR", azZaieieRk, (e,m)€Q, (n,0)e ¥
i=1 i=1

set

n k
ber = Zgibieﬂ-(i)a anoe = Zniaieo(i)-
i=1 i=1
Let h-k=mn. Fori <k, j <hput

€ij = €(i—1)h+j> €ij = €(i—1)h+js» Tij = W((l - 1)h + j)~
Define an action of ¥ on 2 by

\IJWU((577T)) = (glaﬂl)7 where ezlj = Ni€o(i)j> 7Ti1j = To(i)j-

For any (e,7) € §2 define the operator

k E h
O, R* — R" by (- (Z aiei> = Z Zaijaiem]"
i=1 i=1 j=1
For every a € R¥ by M, denote the median of ®., (a) taken over Q. Finally, let
A={aell: |all, <101 >ay>--->ap >0}
The following claim, which W. T. Gowers proved for case p > 1 and ¢ = 1, is
the main step in the proof of Lemma 2.

CrLAamM 1. Let || - || be a g-norm on R™ satisfying ||z, < ||z|| < B||z||p. There is
a constant Cy = C(p, q,0, B) such that given A > 0 for every a € A
1
Proba {300.0) + [[0er(an’ ~ Mg > il 07| < 1/

with k = Co)\lgﬂ and N = k.

The proof of this claim can be equally well applied for all 0 < p < oo and
0 < g < 1. The only change that we have to do is to replace the triangle
inequality

1
[zl = llyll] < lle =yl by [llz|? = llyll*] "< =~ yll.

The following two claims are technical and can be proved using ideas of [Gow]
with small changes, connected with replacing p > 1 by p < 1 and the norm by
g-norm.

CLAIM 2. Let 0 < p < 0o and & > 0. There exist a constant A, depending
on p and § only, such that for every integer k the set A contains a 6-net K of
cardinality k.
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CLAmM 3. Let || - || be a g-norm on R™ satisfying ||z|, < ||z|| < Bllz||p. If there
is (e,m) € Q such that for every a in some §-net K of A

1/

1 @er(ano)l* = [ @er(an o) [ < dllall,p'/”
for every (n,0), (n1,01) € U then the block basis
{CI)EW(ei)}?:l

of (R¥,|| - |I) s (1 + 6 (BS)Y) " -symmetric.
These three claims imply Lemma 2 in the standard way (see [Gow] for the de-
tails).

PrROOF OF LEMMA 3. Our method of proof is close to the method used in [AM1],
but our notation follows that of [MS, chapter 10].

First, we will give the Krivine’s construction of block basis. Let a and N be
some integers which will be specified later. Let us introduce some set of numbers
{A\;}s. We will say that set

{Bjitjesier
if card I = 1 then we have only one index j) is {\;} j-set if

(

(1) Bj; C{1,...,n} for every j € J,i €I,
(2) Bj,; are mutually disjoint,

(3) card Bj; = A, for every j € J, i € I.

Let us fix some {[p’]}-set
{4jsto<i<n—11<s<m

for p=1+1/a.
For0<j< N —1and1<s<m,define

ij,s: Z Yi

€A,
and
N-1
2g = Z p(N_j)/pY'jS_
3=0
Clearly, ||z1]] = ||22]l = - = ||zm||- The integer m will be defined from
N-1
B 1I\N
kam Y [pN P mpN(p—1)7" = ma(a+ >
a
3=0

Finally, we define the block sequence {us}7; by

us = zs /| 25 |-

Now, as in [MS], we will establish the necessary estimates.
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Fix NMe{T+1,T+2,...,m}and ts € {0,...,T} for s € {1,...,m} such
that

M
St =14, with |y = 1.

s=1
Then
M M N-1
Zp—ts/pzs — Z p(N—]—ts)/I)Y'j’S
s=1 s=1 5=0
N—-1+T N—-14T
SIS SRR ST S O O
i=0 s<M, jSN—-1 l€A; s i=0 leB;

Jtts=i
for some {a;}-set {B;}1 o', where

a; = oo ] for0<i<N-1+T.

s<M, j<N-1
Jtts=i

Therefore, we can choose a vector z which has the same structure as z, (i.e.,

z = Z;.V:_Ol pN=a/p > ica, yi for some {[p?]}-set {A,}o<j<n—1) such that the
difference A is

M N-1 N—1+T
A= pteln o= ST NNy S e Sy,
s=1 s=1 leC; s=N leC;

for some {b;}-set {C;}N 1T, where

b — I[p" —a]| for 0 <j <N -1,
7 aj for N<j<N-1+T.

Using techniques from [MS, pp. 66-67] we obtain
Il < Cop™/P (AT + Nl + NMp~™) " and |12]| > (1/C1)p™7(N/2) /7.

Hence

M
>t
s=1

q
-1

M q

_ z
S ptelry, — 2
11

s=1

Al 8T v
= ('”) < (C1 )1 (N + 2|n| +2MPT> :

121l

<

Thus
q

—1|< 011(1250)<1/p7

M
Z p_tﬁ/pus
s=1

provided T' < Ney, |n| < &g, and M,o_T < mp‘T < g9, for some gy3. Assume
T= [NE()].
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Case 1: p < 1.

Let >, Jas|? = 1 and a5 = |as|. Let a = min{p, ¢} and § = 5é/p/m1/ .
Take B, = p~t/P or B, =0, t, € {0,1,...,T} such that |a, — Bs| < & for every
s. It is possible if p~7/P < § and 1 — p~'/P < §. Since p < 1 it is enough to take
a such that it satisfies following the inequalities

[NEQ]
(“ ) <= and g1
a+1 mp/e pla+1)

Take a = [1/(dp)] = [ml/a/(p )} Thus § > p(a+1)

1[S00

< ‘Z(aﬁ—l—ép)—l’:&pmgeo

and

m q m q m q

Z Bsus|| — Z QsUs Z |ﬂs - as|us

s=1 s=1 s=1
m q

<813 u,| < 8tm < YT
s=1
Hence

1| <el/P(1+ C129/7),

Eaus

if mp/® < go(1E2)Neol and ma(1E2)N < k, when a = { 1/p] Choose N such
pe

that (13 —)Neo is of the order £9/m?/®. Then

ml/e (nﬂVa>1ko ml+1/atp/(aso)
m _ - @

1 p 1
pso/p 60/pp80/€0

Thus, since 1/a > max{1/p,1/q},

€0

aeg aeqg
m~ g (pk) coftrtaco ~ gokcotrtaco

and for €, = Eg/p (14 c1129/7)
(== @l < |3 e,

holds. For &; small enough (g1 < 29 — 1) we obtain 1 —&;/¢ < (1 —&1)*/% and
1+ 2¢1/q > (1+¢;)1/4. Take ¢ = 2, /q, then

o q€/2 p/q
07 \1+ Ca124/p

m > C(p, q)gp/Qk450+C:77Taso )

< (1+e) ()l

and
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Case 2: p > 1. We use the same idea. Let Y .-, |as|? = 1 and as = |as.
Let § = £0/(CPm). Take B, = p~t/P or B, = 0, t, € {0,1,...,T} such that
|a? — 3P| < § for every s. It is possible if p=7 < § and 1 — p~! < §. These two
conditions are met if

a [Neo] €0 1
<d= > .
(a+1) <9 Crm and 6_a+1

Take a = [1/0] = [CPm/e¢] . Thus

‘Zp_ts—l‘zlz:ﬂf—l’S‘Z(a’s’—&-é)—l‘:émgao.

Since
N=j1\ /P
ZUS < 0,0 ||Zs 1 Usllp 0102<m2/) . [P]) — Cml/P
12l (B30
and
|Bs — as| < |87 — al|'/P < 5M/7,
we obtain
m q m q m q
Z Bsus - Z AslUg < Z |ﬁs - a)sl“s
s=1 s=1 s=1
m q
< §a/p Zus < §UPCUmalP < Eg/l{
s=1
Hence

< eUP(1 4 C9129/7),

Usg

ifm < é};(ll‘“)wgo] and ma(l%a)N < k, when a = [CPm/eg]. Choose N such

that (+2-)Neo is of the order £¢/(CPm). Then

14a
1 1+1
m crm (Cpm> - (Cp> a m2+1/80 ~ k.

€o €0 €0

['hus
o , S0
> k2e0+1
m Cpk 0

and, for e, = sg/p (14 C9a129/7),

(1= as)llp < |3 asus

holds. For &; small enough (g1 < 27 — 1) we obtain 1 —&;/q¢ < (1 —&1)*/7 and
1+2e1/¢>(1 +¢e1)1/4. Take € = 221 /¢, then

o q5/2 r/q
07\ 1+ Car2d/p

< (14e)"|(@)ll,
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and
m > C(p, q)Ep/qkizaf,‘il. 0
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A Note on Gowers’ Dichotomy Theorem

BERNARD MAUREY

ABSTRACT. We present a direct proof, slightly different from the original,
for an important special case of Gowers’ general dichotomy result: If X is an
arbitrary infinite dimensional Banach space, either X has a subspace with
unconditional basis, or X contains a hereditarily indecomposable subspace.

The first example of dichotomy related to the topic discussed in this note is
the classical combinatorial result of Ramsey: for every set A of pairs of integers,
there exists an infinite subset M of N such that, either every pair {mq, ma} from
M is in A, or no pair from M is in the set A. There exist various generalizations
to “infinite Ramsey theorems” for sets of finite or infinite sequences of integers,
beginning with the result of Nash-Williams [NW]: for any set A of finite increas-
ing sequences of integers, there exists an infinite subset M of N such that either
no finite sequence from M is in A, or every infinite increasing sequence from M
has some initial segment in A (although it does not look so at the first glance,
notice that the result is symmetric in A and A€, the complementary set of A; for
further developments, see also [GP], [E]). The first naive attempt to generalize
this result to a vector space setting would be to ask the following question: given
a normed space X with a basis, and a set A of finite sequences of blocks in X
(i.e., finite sequences of vectors (x1,...,x) where x1,...,2, € X are successive
linear combinations from the given basis), does there exist a vector subspace Y
of X spanned by a block basis, such that either every infinite sequence of blocks
from Y has some initial segment in A, or no finite sequence of blocks from Y
belongs to A, up to some obviously necessary perturbation involving the norm
of X. It turns out that the answer to this question is negative, as a consequence
of the existence of distortable spaces, like Tsirelson’s space [T]. A correct vector
generalization requires a more delicate statement, which in particular is not sym-
metric in A and A°. Gowers’ dichotomy theorem is such a result; in its first form
[G1], this theorem is about sets of finite sequences of blocks in a normed space,
and it was later extended in [G2] to analytic sets of infinite sequences of blocks.
We will not state these general results here, in particular we will not describe
the very interesting “vector game” that seems necessary for expressing Gowers’
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theorem. The first striking application of this result (probably the one for which
the combinatorial result was proved) is an application to the unconditional basic
sequence problem. This problem asks whether it is possible to find in a given
Banach space X an infinite unconditional basic sequence (z,,), or, in equivalent
terms, an infinite dimensional subspace Y of X with an unconditional basis.
The answer is negative for some spaces X, as was shown in [GM1]. Further-
more, the example in [GM1] has a property which seems rather extreme in the
direction opposite to an unconditional behaviour: this space X is Hereditarily
Indecomposable, or H.I. for short. This means that no vector subspace of X is
the topological direct sum of two infinite dimensional subspaces (and of course
X is infinite dimensional).

It was natural to investigate more closely the connection between the failure
of the unconditional basic sequence property and the H.I. property. Was it just
accidental if the first example of a space not containing any infinite uncondi-
tional sequence was actually a H.I. space? Gowers’ result completely clarifies
the situation.

THEOREM 1 (SPECIAL CASE OF GOWERS’ DICHOTOMY THEOREM). Let X be
an arbitrary infinite dimensional Banach space. FEither X has a subspace with
unconditional basis, or X contains a H.I. subspace.

Let us mention that there exist non trivial examples of non H.I. spaces not
containing any infinite unconditional basic sequence (see [GM2]; on the other
hand, trivial examples of this situation are simply obtained by considering spaces
of the form X @ X, with an H.I. space X). Recall that Theorem 1 above, together
with the results by Komorowski and Tomczak [KT] gave a positive solution to the
homogeneous Banach space problem, which appeared in Banach’s book [B] sixty
years before: if a Banach space X is isomorphic to all its infinite dimensional
closed subspaces, then X is isomorphic to the Hilbert space #s.

The purpose of this note is to present a variant for a direct proof of this
important special case of Gowers’ general dichotomy result. It is of course not
essentially different from the original argument in [G1], and the attentive reader
will easily detect several steps here that are very similar to some parts of [G1],
for example our Lemma 2 below and its Corollary. Our main intention is to
give a more geometric exposition. We shall try to gather all the easy geometric
information that we need before embarking for the central part of the argument,
which is the combinatorial part.

We begin with some notation and definitions. For any normed space X we
denote by S(X) the unit sphere of X. The notation Y, Z, or U, V will be used
for infinite dimensional vector subspaces of X, and E, F, G for finite dimensional
subspaces of X. Given a real number C' > 1, a finite or infinite sequence (e,,) of
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non zero vectors in a normed space X is called C-unconditional if

HZsiaiei <C HZ a;e;

for any sequence of signs e; = +1 and any finitely supported sequence (a;) of

scalars. An infinite sequence (e,) of non zero vectors is called unconditional if
it is C-unconditional for some C. It is usual to normalize the sequence (e, ) by
the condition |le,|| = 1 for each integer n, but this is unimportant here.

An infinite dimensional normed space X is called Hereditarily Indecomposable
(in short H.L.) if for any infinite dimensional vector subspaces Y and Z of X,

(1) inf{lly — 2| : y € S(¥), 2 € S(2)} = 0.

It is easy to check that this property is equivalent to the fact that no subspace of
X is the topological direct sum of two infinite dimensional subspaces Y and Z.
Property (1) says that the angle between any two infinite dimensional subspaces
of X is equal to 0. This notion of angle will be discussed with more details below.

In order to compare easily the H.I. property and the unconditionality property,
we rephrase unconditionality in terms of angle of subspaces. Saying that (e,,) is
C-unconditional is of course equivalent to saying that

HZaiei S C HZEiQiei

for all signs (¢;) and all scalars (a;) (we just moved the signs to the other side).
For any finite subset K of the set of indices, let EFx denote the linear span of
(ex)rer- Consider a linear combination Y e;ae;, let T = {i : &; = 1} and
J={i:e; =—-1}. Lettingz =5, ;a,e; e Erandy =)
restate the above inequality as

el icy Gici € By we may

[z +yll < Cllz =y

for all x € E; and y € Ej;, whenever I and J are disjoint. This is again an
angle property. There are however several ways for measuring the angle between
two subspaces, and we want to introduce two of them. For any L, M finite or
infinite dimensional subspaces of X, we denote by a(L, M) the measure of the
angle between L and M given by

a(L,M) =inf{||z —y|| : x € S(L),y € S(M)}.

This expression is symmetric, decreasing in L and M, and (Lipschitz-) continuous
for the metric §(L, M) given by the Hausdorff distance between the unit spheres
S(L) and S(M),

§(L, M) = max{sup{d(z,S(M)) : z € S(L)}, sup{d(y, S(L)) : y € S(M)}}.
An equivalent expression for the angle is

b(L, M) = inf{inf{d(z, M) : x € S(L)}, inf{d(y, L) : y € S(M)}}.



152 BERNARD MAUREY

It is clear that b(L, M) < a(L,M); in the other direction we have a(L, M) <
2b(L, M). To see this, let b > b(L, M), and assume for example that b(L, M) =
inf{d(x, M) : x € S(L)}. Let x € S(L) and v € M be such that ||z — u| < b,
hence 1 —b < [Ju|| < 14b. Letting v/ = u/||ul|, we have [[u—u'| = ||lul| - 1| < b,
and d(z, S(M)) < ||z — || < 2b.

According to the above discussion, we see that a sequence (e, )nen of non zero
vectors in X is unconditional iff there exists 8 > 0 such that

(2) b(span{e, : n € I'}, span{e, :n € J}) > f

whenever I and J are finite disjoint subsets of N. The relations between § and the
unconditional constant of the sequence (e,) are as follows: given 5 > 0 with the
above property, the sequence (e, ) is C-unconditional with C' < 2/3. Conversely,
if the sequence (e,,) is C-unconditional, then (2) is true with 5 > 2/(C + 1).

Let us check these two facts. Suppose first that (2) is true for some § > 0. If
I and J are disjoint, and « € E;, y € E;, we see that

2
lz+yll < 5 lle =yl

proving that (e,,) is 2/8-unconditional. Indeed, suppose that ||z|| =1 > ||y||; we
know that ||z — y|| > b(Er,E;) > 8 and ||z + y|| < 2, and the inequality above
follows by homogeneity. Conversely, if (e,) is C-unconditional, the projection
Pr: Y aje; — Y, cra:e; on Er has norm < (C' + 1)/2 for any subset I of the
set of indices, and this implies that [|z|| < €|z — y]|, hence we may choose

B=2/(C+1).

The following easy technical Lemma will be used in the proof of Theorem 2
below.

LEMMA 1. Assume that E,E’ are finite dimensional subspaces of X, M any
subspace of X and Z an infinite dimensional subspace of X. We have

sup a(E' + U, M) < sup a(E+ U, M)+ 25(E', F),
vcz Ucz

where the supremum above runs over all infinite dimensional subspaces U of Z.

PRrROOF. Let

s>supa(E+V, M), 6=6CFE F),
vcz
t > 1 and let U be any infinite dimensional subspace of Z. By a standard
argument, we may find an infinite dimensional subspace U’ C U such that t|je +
u'|| > |le|| for every e € E and v’ € U’ (we intersect U with the kernels of a
finite set of functionals forming a t~!-norming set for E). By assumption we
have a(E +U', M) < s, hence we can find e +u' € S(E+U’) and y € S(M)
such that ||(e + ') — y|| < s. We know then that ||e|| < ¢, thus there exists
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e’ € E' such that ||¢/ —e]| < td. Now 1 — ¢ < ||’ + /|| < 1+ td and we can find
x € S(E’ 4+ U’) such that || — (¢/ +u)|| < td. Finally,

a(E'+U, M) <a(E' +U', M) < ||z -y < s+ 25,
ending the proof. O

So far we did not say if our normed spaces are real or complex, and everything
above applies to both cases. In the complex case however, it is customary to
define the complex unconditional constant by replacing in the definition above
the signs ¢, = +1 by arbitrary complex numbers of modulus one. This makes
no essential difference, because a sequence of vectors in a complex normed space
is complex-unconditional iff it is real-unconditional, except that the complex
unconditional constant may differ from the real constant by some factor (less
than 3 say). We shall therefore work with the real definition of the unconditional
constant.

We introduce the intermediate notion of a HI(e) space. Given € > 0, an
infinite dimensional normed space X will be called a HI(¢) space if for every
infinite dimensional subspaces Y and Z of X we have

a(Y,Z) <e.
Obviously, a normed space X is H.I. iff it is HI(e) for every € > 0.

THEOREM 2. Let X be an infinite dimensional normed space. For each & > 0,
either X contains an infinite sequence with unconditional constant < 4/e, or X
contains a HI(g) subspace Z.

Of course, when X does not contain any infinite sequence with unconditional
constant < 4/e, this implies that every infinite dimensional subspace Y of X
contains a HI(g) subspace. Theorem 2 implies Theorem 1 by a simple diag-
onalization procedure that already appears in [G1]: assume that X does not
contain any infinite unconditional sequence; by Theorem 2, every subspace Y
of X contains for each € > 0 a subspace Z which is HI(e). Taking succes-
sively e = 27" we construct a decreasing sequence (Z,,), where Z,, isa HI(27")
subspace of X. Let Z be a subspace obtained from the sequence (Z,) by the
diagonal procedure. For every n, this space Z is contained in Z,, up to finitely
many dimensions, therefore Z is HI(e) for every € > 0, so Z is H.I.

PrROOF OF THEOREM 2. We may clearly restrict our attention to separable
spaces X. Let (E, F') be a couple of finite dimensional subspaces of X and let Z
be an infinite dimensional subspace of X. We set
AE,F,Z)= sup a(E+U, F+V),
uvcz
where the supremum is taken over all infinite dimensional subspaces U and V
of Z. Tt follows from Lemma 1 that A(E',F',Z) < A(E,F,Z)+ 25(E',E) +
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26(F', F) for all finite dimensional subspaces E’ and F’. We will keep ¢ > 0
fixed throughout the proof.

We introduce a convenient terminology, inspired by [GP]. We say that the
couple (E, F) accepts the subspace Z if

A(E,F,Z) < e.

This perhaps unnatural strict inequality is necessary for approximation reasons.
Indeed, we get from Lemma 1 that when (E, F') accepts a subspace Z of X, then
(E', F') also accepts Z provided 6(E’, E') and 6(F', F) are small enough. When
(E, F) accepts Z, we know that a(E + U, F'+ V) < ¢ for all infinite dimensional
subspaces U and V of Z, and except for the small technicality just mentioned,
this is exactly the idea that the reader should keep in mind. Before going any
further, let us notice that when the couple ({0}, {0}) accepts a subspace Z, then
Z is HI(¢e) (actually, Z is then HI(¢') for some &’ < ). Acceptance is clearly
symmetric: (F, F) accepts Z iff (E, F) accepts Z. If (E,F) accepts Z, it also
accepts every Z' C Z (obvious) and every Z + G, when dim G < 4o00; this last
fact is easy: given two infinite dimensional subspaces U,V of Z + GG, we may
consider the two infinite dimensional subspaces U/ = U N Z and V' =V N Z of
Z; since (E, F') accepts Z, we have

aE+U, F+V)<a(E4U,F+V')<AE,F,Z)<e.

Notice that what we just did was proving the equality A(E, F, Z) = A(E, F, Z+
@), which is one of the main ingredients for the proof: we are dealing here with
a function of Z that does not depend upon changing finitely many dimensions.

We say that a couple 7 = (E, F') rejects Z if no subspace Z' C Z is accepted
by 7. Rejection is also symmetric, and saying that (E, F') rejects some subspace
Z (or simply: does not accept Z) implies that

a(E,F) >¢

because a(E,F) > a(E+U, F+V) for all U, V|, hence a(E, F) > A(E, F, Z) for
every Z. This yields b(E, F) > a(E,F) > ¢/2 and will be used in connection
with the property (2) for § = /2, in order to produce an upper bound 4/e for
the unconditional constant. This notion of rejection will therefore be the tool
for constructing inductively subspaces with an angle bounded away from 0; the
strength of the rejection hypothesis will allow the induction to run. Observe that
when a couple 7 rejects a subspace Z, it is clearly true by definition that 7 rejects
every subspace Z' of Z, and T also rejects “supspaces” of Z of the form Z + G,
when G is finite dimensional (otherwise, 7 would accept some Z' C Z + G, hence
also accept Z" = Z' N Z, contradicting the fact that 7 rejects Z); combining
the above observations, we see that when 7 accepts or rejects Z, the same is
true for every Z’ such that Z' C Z + G, when G is any finite dimensional
subspace of X. This simple remark is the basis for our first step. Since X was
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assumed separable, we may select a countable family €, dense in the set of finite
dimensional subspaces of X (for the Hausdorff metric of spheres).

CrLAM 1. There exists an infinite dimensional subspace Zy of X such that
for every couple (E,F) with E,F € & and every rational o in (0,¢), either
A(E,F,Zy) < a or, for every infinite dimensional subspace Z' of Zy, we have
A(E,F,Z") > .

PrROOF. We use a very usual diagonal argument. Let (0y,)n>1, with o, =
(En, Fn,ap) be a listing of all triples (F, F,«) such that E,F € & and « is
a rational number in (0,e). We construct a decreasing sequence (X,,)p>0 of
subspaces of X in the following way: Xo = X, and if A(Fpn41, Frnt1,2’) > anta
for every subspace Z’ of X,,, we simply let X,,+1 = X,,. Otherwise, there exists
a subspace of X,,, which we call X,, 11, such that A(E, 11, Fry1, Xn+1) < @pt1-
We consider then a diagonal infinite dimensional subspace Zy which is the linear
span of a sequence (z,),>1 built by picking inductively z,41 in X,,+1 and not in
the linear span of 21, 29, . .., z,. For each integer n > 1, we see that Zy C X,,+G,
for some finite dimensional subspace G,,, and either

A(EnyFna ZO) < A(En7 F, X+ Gn) = A(En7Fn7Xn) < Qp,
or for every subspace Z’ of Zy, A(Ey, Fn, Z') = A(En, Fny, 2N X,) > . O

By an easy approximation argument, we can state a version of Claim 1 above
that will apply to any couple 7, and not only to those from the dense subset &.
Let (E, F') be an arbitrary couple. If (E, F') does not reject Zy, it accepts some
Z' C Zy and we may choose a rational « in (0,¢) such that A(E, F, Z') < a; let
B be rational and 0 < 3 < (¢ — «)/8; let E', F' € € be such that §(E',E) < 3
and §(F', F) < (. This implies by Lemma 1 that A(E', F',Z') < a + 40 < e.
But then by Claim 1 it follows that A(F’, F’, Zy) < a + 43; by approximation
again (E, F') accepts Zy. Finally:

CLAIM 2. For each couple (E,F) of finite dimensional subspaces of X, either
(E, F) rejects Zy or (E, F) accepts Zy.

From now on the whole construction will be performed inside our “stabilizing”
subspace Zy. Here is where the dichotomy really starts. There are two possi-
bilities: either the couple ({0}, {0}) accepts Zy, or it rejects. As was mentioned
before, saying that ({0}, {0}) accepts Zy implies that Zy is HI(e). Suppose now
that ({0}, {0}) rejects Zy; we will find in Zy a sequence (ey)r>1 with uncondi-
tional constant C' < 4/e. This will be done in the following manner: we will
choose the sequence (ex) of non zero vectors in such a way that for each n > 1
and for all disjoint sets I,J C {1,...,n}, the couple (E, Ej) rejects Zy (as be-
fore, we denote by Ek the linear span of {ej : k € K}). The next Lemma and its
Corollary give the tool for constructing the next vector e, 1 of our unconditional
sequence, when eq,...,e, are already selected.
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LEMMA 2. If (E, F) rejects Zy, then for every infinite dimensional subspace Z'
of Zy there exists a further infinite dimensional subspace U' C Z' such that for
every finite dimensional subspace E' of U’ the couple (E + E', F) rejects Zy.

Proor. Otherwise, there exists Z’ C Z; such that, for every subspace U’ C Z’,
there exists E' C U’ such that (E 4+ E’, F') does not reject Zy. We know that
(E+ E', F) accepts Zy by Claim 2; for every subspace V' C Z’ we have, since
E+U =E+FE +U,

aE+U , F+V)=aE+E +U ,F+ V)< AE+FE' F, Z) < e,

which implies that (F, F) accepts Z', therefore (E, F') accepts Zy by Claim 2,
contrary to the initial hypothesis. O

COROLLARY 1. Suppose that (Eq, Fo)aca is a finite family of couples, and that
(Eo, Fo) rejects Zg for each o € A. For every infinite dimensional subspace Z"
of Zy there exists a further infinite dimensional subspace U" C Z" such that for
every finite dimensional subspace E' of U", the couple (Eo + E', F,,) rejects Z
for each a € A.

Proor. We set A = {a1,...,0,}. Let Z” = Z| be a subspace of Zy. By
Lemma 2, there exists U’ = Z{ C Z{ such that for every E' C Z}, (Eo, +E’, Fa,)
rejects Zy. We apply again Lemma 2, this time to the couple (E,,, F,,), with
Z'=Zy,and soon until U" = Z, C Z,, | C ... C Z' is reached. O

The Corollary will be applied in the following weakened form; the notation [z]
stands for the line Rz or Cz generated by a non zero vector z:

Suppose that (Eq, Fo)aca is a finite family of couples, and that (Ey, Fy) rejects
Zy for each a € A. For every infinite dimensional subspace Z' of Zy there exists
a non zero vector z € Z' such that the couple (Eo, + [2], Fu) rejects Zy for each
ae A

Let us finish the proof of the Theorem. Recall that Ex denotes the linear
span of (er)rerx. Assuming that ({0}, {0}) rejects Zy, we build by induction a
sequence (ex)g2, of non zero vectors in Zy, such that for every integer n > 1 and
every partition (I,J) of {1,...,n}, the couple (Ey, E;) rejects Zp. Assuming
that eq,...,e, are already selected, let us call partition of length n any couple
of the form (Ey, E), for some partition (I, J) of {1,...,n}. Consider the finite
list A, of all partitions (E,, F,) of length n, where o € A,. Our induction
hypothesis is that for every a € A,,, the couple (E,, F,,) rejects Zy; let Z’ be an
infinite dimensional subspace of Zy such that Z’ Nspan{es,...,e,} = {0}. By
the Corollary, we can find a non zero vector z € Z’ such that for every a € A,
the couple (E, + [z], F,) rejects Zy; observe that (F,, E,) also belongs to the
list, hence (F, + [z], E4) also rejects Zy. We choose now e, 11 = z. It is clear
that with this choice, (Er, E ) rejects Zy for every partition of length n+1. This
implies that the infinite sequence (e)r>1 satisfies property (2) with the constant
3 = €/2, thus this sequence is 4/s-unconditional. ]
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REMARK. It is possible to obtain directly a H.I. space, without passing through
the intermediate stage of HI(e) spaces, by replacing the study of couples by
that of triples (E, F, ¢), for € varying. The first version of this paper was indeed
written in this way, but the referee said (and was probably right about it) that
the earlier version in [M] gave a clearer view of the combinatorics, by dealing
first with a countable situation (a countable vector space over Q) and treating
the boring approximation afterwards. This version is a sort of midpoint between
the two, which perhaps only adds the disadvantages of both. ..
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An “Isomorphic” Version
of Dvoretzky’s Theorem, 11

VITALI MILMAN AND GIDEON SCHECHTMAN

ABSTRACT. A different proof is given to the result announced in [MS2]:
For each 1 < k < n we give an upper bound on the minimal distance
of a k-dimensional subspace of an arbitrary n-dimensional normed space
to the Hilbert space of dimension k. The result is best possible up to a
multiplicative universal constant.

Our main result is the following extension of Dvoretzky’s theorem (from the
range 1 < k < clogn to clogn < k < n), first announced in [MS2, Theorem
2]. As is remarked in that paper, except for the absolute constant involved the
result is best possible.

THEOREM. There exists a K > 0 such that, for every n and every logn < k <
n, any n-dimensional normed space, X, contains a k-dimensional subspace, Y,

satisfying
k
Y, 5) < K| ———.
d,63) < \/ log(1 + n/k)

In particular, if logn < k < nl_ng, there exists a k-dimensional subspace Y
(of an arbitrary n-dimensional normed space X) with

K | k

Jesus Bastero pointed out to us that the proof of the theorem in [MS2] works
only in the range k < en/logn. Here we give a different proof which corrects this
oversight. The main addition is a computation due to E. Gluskin (see the proof
of the Theorem in [Gl1] and the remark following the proof of Theorem 2 in

[G12]). In the next lemma we single out what we need from Gluskin’s argument
and sketch Gluskin’s proof.

Partially supported by BSF and NSF. Part of this research was carried on at MSRI..

159



160 VITALI MILMAN AND GIDEON SCHECHTMAN

GLUSKIN’S LEMMA. Let 1 < k < n/2 and let v, ), denote the normalized Haar
measure on the Grassmannian of k-dimensional subspaces of R™. Then, for some
absolute positive constant c,

log(1 + n/k
Vo ({E . Jo € E with ||z]ls < c ‘Mnxh}) <1/2.

n

Proor. Let g;;, fori =1,...,k and j = 1,...,n, be independent standard
Gaussian variables. The invariance of the Gaussian measure under the orthogo-
nal group implies that the conclusion of the lemma is equivalent to

k

i=1 Tibi,j log(1 k

Pr0b< inf -~ max ~ |Z‘;1xg’J| N 0g(—|—n/)><1/2
vestrisIEn (3L (Xim wigia)) "

As is well known, the variable (Z?Zl (Zle xigi7j)2)1/ ? is well concentrated

near the constant ||zl = (Zle x%)l/z

n k 2\ 1/2
Prob (Elm € S*1 with <Z<leg”> ) > 2\/ﬁ> <1/4
j=1

i=1

\/n. In particular,

if n is large enough. It is thus enough to prove that

< 2¢4/log(1 + n/k)) < 1/4.

k

Z LiGi,j

i=1

Prob( inf max

zeSk-11<j<n

The left-hand side here is clearly dominated by

2k k
Prob inf iGi i

j=1li=1

2y 1/2
> < 20\/2klog(1+n/l€)>

where {af} denotes the decreasing rearrangement of the sequence {|a;|}. To
estimate the last probability we use the usual deviation inequalities for Lipschitz
functions of Gaussian vectors (see, for example, [MS1] or [Pi]). The only two facts
one should notice are that the norm ||a| = (Z?il a;2)1/2 on R” is dominated
by the Euclidean norm, i.e. that the Lipschitz constant of the function |a|| =
(E?il a3?)!/% on R™ is at most one and that the expectation of ||(g1,...,gn)]

is larger than c;(2k)'/21/log(1 4 n/k) for some absolute constant c;. Then, for
an appropriate c,

2k
Prob| inf
o <zelgk—1 <Z

Jj=1

k
E Tigij

i=1

2\ 1/2
> < 26\/2k10g(1+n/k)>
< exp(—klog(l+n/k)) <1/4

if n is large enough. O
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PROOF OF THE THEOREM. The proof follows in parts the proof in [MS2]. For
completeness we shall repeat these parts. In what follows 0 < 1, K < oo denote
absolute constants, not necessarily the same in each instance. By a result of
Bourgain and Szarek ([BS, Theorem 2]; but refer to [MS2; Remark 4] for an
explanation why we need only a much simpler form of their result), we may
assume without loss of generality that there exists a subspace, Z C X, with
m = dimZ > n/2 and afz|m < ||z]z < [|2]ep for all x € Z for some absolute
constant o > 0.

Let M denote the median of ||z||z over S™~! = S"~1 N Z. Fix k as in the

statement of the theorem. If M > K\/g then, by [Mi] (see also [FLM] or [MS1,

Theorem 4.2]), Z and thus X contains a k-dimensional subspace, Y, satisfying
d(Y,¢5) < 2. Also, for each k, with probability > 1 — e~"¥

(%) ]l < 2(M + K\/E) ]l

This again follows by the usual deviation inequalities. Let us refresh the reader’s
memory: Let M be a %—net in the sphere of a fixed k-dimensional subspace, Yy,
of Z with [M| < 6% (see [MS1, Lemma 2.6]). Denoting by v the Haar measure

on the orthogonal group O(m) we get,

1/<{U s WUz|lz > M + K\/E for some x € M}) < exp(klog6 — nK2k).
n

Thus, a successive approximation argument gives that, with probability larger
than 1 — e~ "% a k-dimensional subspace E of Z satisfies

k
] < 2<M + K[) |z]|2, forallz € E.
n

By Gluskin’s Lemma, for k < n/4,

Vin.k ({E ; dz € FE with ||z]| < ca MH |2 })

log(1 + m/k
< Vo ({E ; Jo € B with ||2]|e < ¢ Mn ||2}> <1/2.

That is, with probability larger than 1/2 a k-dimensional subspace E satisfies
log(1 +n/k)
n

Combining this with (%), we conclude that, if M < K\/k/n, there exists a
k-dimensional subspace whose distance to Euclidean space is smaller than

4K\/7/ q/logH”/’f VE/log(L + n/k). 0

]| > ca |||z, for all z € E.
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REMARK. Can one show that the conclusion of the Theorem holds for a random
subspace Y'? The only obstacle in the proof here and also in [MS2] is the use
of the result from [BS]. Michael Schmuckenschléger showed us how to overcome
this obstacle in the proof of [MS2]|: Instead of using [BS] one can use [ScSc,
Proposition 4.11], which says that any multiple of the ¢ unit ball has larger
or equal Gaussian measure than the same multiple of the unit ball of any other
norm on R™ whose ellipsoid of maximal volume is S"~!. This can replace the
first inequality on the last line of [MS2, p. 542] (with m = n and o = 1. The
change from the Gaussian measure to the spherical measure is standard.)

It follows that at least for k < cn/logn the answer to the question above is
positive.

What is the “isomorphic” version of Dvoretzky’s Theorem for spaces with non-
trivial cotype? It is known that in this case one has a version of Dvoretzky’s
theorem with a much better dependence of the dimension of the Euclidean section
on the dimension of the space ([FLM] or see [MS1, 9.6]). We do not know if one
can extend this theorem in a similar “isomorphic” way as the theorem above.
The proposition below gives such an extension under the additional assumption
that the space also has non-trivial type. Recall that it is a major open problem
whether an n-dimensional normed space with non-trivial cotype has a subspace
of dimension [n/2] which is of type 2 (with the type 2 constant depending on
the cotype and the cotype constant only) or at least of some non-trivial type. If
this open problem has a positive solution, the next proposition would imply the
desired “isomorphic” cotype case of the theorem. The proof we sketch here (as
well as the statement of the proposition) uses quite a lot of background material
(which can be found in [MS1]) and is intended for experts.

PROPOSITION.  For every n and every n*/4 < k < n/2, any n-dimensional
normed space, X, contains a k-dimensional subspace, Y, satisfying d(Y,(5) <
Kkl/Q/nl/q. Here K depends on q < oo, the cotype q constant of X and the
norm of the Rademacher projection in Lo(X) only. Up to the exact value of the
constant involved the result is best possible and is attained for X = {7.

SKETCH OF PROOF. We use the notations of [MS1]. We first find an operator
T : ¢y — X for which

urur—t) < Kn,
where K depends on the norm of the Rademacher projection in La(X) only (see
[MS1, 15.4.1]).

Next we use the “lower bound theorem” of Milman [MS1, 4.8] to find an 3n/4
dimensional subspace E C £3 for which

(Tip) = < CuT=)/v/n,

for an absolute constant C.
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By a theorem of Figiel and Tomczak (see [FT] or [MS1, 15.6]), there exists a
further subspace F' C E of dimension larger than n/2 for which

IT\p|l < Kn='/2n!2=H0g(T p) < Kn~Y2(T),

for K depending on ¢ and the cotype ¢ constant of X only.
This reduces the problem to the following: Given a norm || - || on R™/? for
which

Callz < |z < Knt/274)j]|y

for all z, for constants C, K depending only on p, ¢ and the type p and cotype
q constants of X, and for which M = [g, ., ||z|| = 1, find a subspace Y of
dimension k as required in the statement of the proposition. Since we have
to take care of the upper bound only, this can be accomplished by the usual
“concentration” method as described in the first few chapters of [MS1].

The fact that, for some absolute constant n and for all k, £; does not have
k-dimensional subspaces of distance smaller than ng~/2k'/2/n'/4 to (% follows
from the method developed in [BDGJN] (or see [MS1, 5.6]). One just need to
replace the constant 2 in [MS1, 5.6] by a general constant d and follow the proof
to get a lower bound on d. O
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Asymptotic Versions of Operators
and Operator Ideals

VITALI MILMAN AND ROY WAGNER

ABSTRACT. The goal of this note is to introduce new classes of operator
ideals, and, moreover, a new way of constructing such classes through an
application to operators of the asymptotic structure recently introduced
by Maurey, Milman, and Tomczak-Jaegermann in Op. Th. Adv. Appl. 77
(1995), 149-175.

1. Preliminaries

1.1. Notation. We follow standard Banach-space theory notation, as outlined
in [LTz].

Throughout this note X will be an infinite dimensional Banach-space with
a shrinking basis {e;}°,. The notation [X], will stand for the head subspace
(span{e;};,) and [X]s,, for the tail subspace (the closure of span{e;}2, . 1). P,
and P-,, are the coordinate-orthogonal projections on these subspaces respec-
tively.

A basis {e;} is equivalent to a basis {f;} if

Zaﬂifi < Hzaiez‘ Zaifi

for any scalars {a;}. The equivalence is quantified by the ratio C;/Cs; the closer
it is to 1, the better the equivalence.

A vector is called a block if it has finite support, that is, if it is a finite
linear combination of elements of the basis. The blocks v and w are said to be
consecutive (v < w) if the support of v (the set of elements of the basis that form
v as a linear combination) ends before the support of w begins. S(X)2 is the
collection of all n-tuples of consecutive normalised blocks; thus S(X)L means

normalised finite support vectors.

Cs <C

165
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1.2. An intuitive introduction to asymptotic structure. The language of
asymptotic structure has been introduced to study the essentially infinite dimen-
sional structure of Banach-spaces, and to help bridge between finite dimensional
and infinite dimensional theories. This approach does generalise spreading mod-
els, but takes an essentially different view. Formally introduced in [MMiT], it
has already been studied, extended and applied in [KOS], [OTW], [T], [W1]
and [W2]; it is closely related to the new surge of results in infinite dimensional
Banach-space theory, and especially to [G] and [MiT]. For formal arguments,
the most convenient terminology is the game terminology coming from [G], pre-
sented below. However, we choose to preface this by a less rigorous intuitive
introduction.

The main idea behind this theory is a stabilisation at infinity of finite dimen-
sional objects (subspaces, restrictions of operators), which repeatedly appear
arbitrarily far and arbitrarily spread out along the basis. Piping these stabilised
objects together gives rise to infinite dimensional notions: asymptotic versions
of a Banach-space X or of an operator acting on X.

To define this structure we first have to choose a frame of reference in the
form of a family of subspaces, B(X). It is most convenient to choose B(X) such
that the intersection of any two subspaces from B(X) is in B(X). The family of
tail subspaces is such a family; so is the family of finite codimensional subspaces,
but here we will work with the former. The construction proceeds as follows.

Fix n and e. Consider the tail subspace [X]sn, for some “very large” Ny,
and take a normalised vector in this tail subspace. Consider now a further tail
subspace [X]sn,, with Ny “very large”, depending on the choice of z1; choose
again any normalised vector, x5 in [X]sn,. After n steps we have a sequence
of n vectors, belonging to a chain of tail subspaces, each subspace chosen ’far
enough’ with respect to the previous vectors.

The span of a sequence in X, E = span{z1,...,2,}, is called e-permissible if
we can produce by the above process vectors {y; }?_;, which are (1+¢)-equivalent
to the basis of F, regardless of the choice of tail subspaces.

Now we can explain how far is “far enough”. The choice of the tail subspaces
[X]sn; is such that no matter what normalised blocks are chosen inside them,
they will always form e-permissible spaces. The existence of such “far enough”
choices of tail subspaces is proved by a compactness argument.

We can now consider basic sequences which are (14 ¢)-equivalent to e-permis-
sible sequences for every . These will be called n dimensional asymptotic spaces.
Our e-permissible sequences are (1 4 ¢)-realizations in X of asymptotic spaces.

Finally, a Banach-space whose every head-subspace is an asymptotic space of
X is called an asymptotic version of X.

The same construction can be made for an operator T' as well. In this case,
we would like to stabilise not only the domain (which is an asymptotic space),
but also the image and action of the operator. More precisely, our permissible
sequences will now be sequences {z;}! ;, such that we can find arbitrarily far
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and arbitrarily spread out sequences in our space, which are closely equivalent
to {x;}™ 1, and on top of that, are mapped by T to sequences closely equivalent
to {T(x;)}_;. The assumption that X has a shrinking basis promises that
{T(x;)}_, are close to successive blocks. In turn this means that the asymptotic
version of T', viewed as an operator from [z;]7_ to [T(z;)/||T(z;)|] "

i1 1s always
a formally diagonal operator.

1.3. The Game. The following game (up to slight formalities) is used in
[MMiT] to define asymptotic spaces. The game terminology comes from [G].

DEFINITION 1. This is a game for two players. One is the subspace player,
S, and the other is the vector player, V. The “board” of the game consists of
a Banach-space with a basis, a natural number n, and two subsets of S(X)Z:
® and . Player S begins, and they play n turns. In the first turn player S
chooses a tail subspace, [X]sm,. Player V then chooses a normalised block in
this subspace, 1 € [X]sm,. In the k-th turn, player S chooses a tail subspace
[X]sm,- Player V then chooses a normalised block, zy, such that x € [X]sm,
and T > Tg_1.

V wins if it produces a sequence of vectors in .

S wins if it forces the choices of V to be in X.

Note that in this game it is not always true that one player wins and the
other loses. Furthermore, in some cases, we are only interested in the winning
prospects of one player, and therefore may ignore either ¢ or ¥.

If V has a winning strategy in this game for ®, that is a recipe for producing
sequences in ® considering any possible moves of S, we call ® an asymptotic set
of length n. Formally this means:

VYmy 321 € Xom, VYme x2€Xsp, ... Vmy, F, € Xom,
such that (x1,...,2,) € ®.

Note that this generalises an earlier notion of an asymptotic set for n = 1 (in
this context of tail subspaces, rather than block subspaces; compare [GM]).

If S has a winning strategy in this game for the collection ¥, we call ¥ an
admission set of length n. Formally this means:

Elml le €X>m1 3m2 VI’Q €X>m2 e Elmn Vxn€X>mn
such that (x1,...,2,) €X

This terminology comes from admissibility criteria in the study of Tsirelson’s
space and its variants. An admission set contains all vector sequences beginning
“far enough” and spread out “far enough” — for some interpretation of the term
“enough”.

When the context is clear, we will omit the length, and simply write “an
asymptotic (admission) set”.
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REMARKS 2. (i) Note that a collection containing an admission set is an ad-
mission set, and that a collection containing an asymptotic set is an asymptotic
set.

(i) It is also useful to note that if V has a winning strategy for ®, and S has
a winning strategy for ¥, then playing these strategies against each other will
necessarily produce sequences in ¢ N X.

In fact, in such a case V has a winning strategy for ® N%X. Player V’s strategy
is as follows; player V plays his winning strategy for ®, while pretending that the
subspace dictated to him in each turn is the intersection of the subspace actually
chosen by S with the subspace arising from the winning strategy for X.

The following is simply formal negation.

LEMMA 3. Let ¥ C S(X)Z. Then either X is an admission set, or L° is an
asymptotic set. These options are mutually exclusive.

Tail subspaces of a Banach-space form a filter. This allows us to demonstrate
filter (cofilter) behaviour for admission (asymptotic) sets.

LEMMA 4. (i) Let ¥4,...,%; C S(X)2 be admission sets. Then ﬂ?zl Y, is
also an admission set.
(i) Let ®q,..., 9, C S(X)Z%, such that U?Zl ®; is asymptotic. Then, for some

1 <5 <k, ®; is asymptotic.

PROOF. (i) Suppose at any turn of the game player S has to choose [X]sm, in
order to win for Xy, [X]sm, in order to win for Xo, ..., and [X]s.,, in order to
win for . If player S chooses [X]sm, where m = max{mj, ma,...,my}, the
vector sequence chosen by player V will have to be in ﬂ§=1 >,

(ii) Suppose for all 1 < j < k, ®; is not asymptotic. Then Lemma 3 implies that
&5 are all admission sets. By part 1 of the proof, ﬂ§=1 @7 is an admission set.

Therefore, using Lemma 3 again, Ule ®; is not asymptotic, in contradiction. [J
1.4. Asymptotic versions. The following notions come from [MMiT].

DEFINITION 5. An n-dimensional Banach space F with a basis {f;}7, is called
an asymptotic space of a Banach-space X, if for every € > 0 the set of all
sequences in S(X)7Z, which are (1 + ¢)-equivalent to {f;};, is an asymptotic set.
A space X is an asymptotic version of X, if all the spaces [X]n are asymptotic
spaces of X.
We use {X} to denote the collection of asymptotic versions of a space X,

and {X},, to denote the collection of its n-dimensional asymptotic spaces.

REMARK 6. The existence of asymptotic versions and spaces for every Banach-
space X is elementary, as observed in [MMiT]. Spreading models make obvious
examples of asymptotic versions. Existence of some special asymptotic versions
is dealt with in [MMiT]. In our existence theorem below we will prove that we
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can extract close realizations of an asymptotic version out of any sequence of
increasingly long asymptotic sets.

1.5. Konig’s Unendlichkeitslemma. The following combinatorial lemma
comes from [K&]. Its proof is an elementary exercise. A rooted tree is simply
a connected tree with some vertex labelled as root. The root allows us to con-
sider the level of vertices in the tree.

LEMMA 7. A rooted tree has an infinite branch emanating from the root if

(i) there are vertices arbitrarily far from the root, and
(ii) the set of vertices with any fived distance to the root is finite.

This Lemma will be used to allow us to find asymptotic versions not only inside
the whole space, but also inside asymptotic subsets. This in turn will be used to
show, that if the collections of sequences with a certain property is asymptotic,
an asymptotic version with the said property can be extracted.

2. Asymptotic Versions of Operators

DEFINITION 8. Let T € £(X). Define T, an asymptotic version of T, to be
a formally diagonal operator between asymptotic versions }7, Z e {X' }oo, such
that for every n € N and every € > 0, the following set is asymptotic:

All sequences in S(X)™, which are (1+ ¢)-equivalent to the basis of [Y],,, and
whose images under T are (1 + ¢)-equivalent to the images of the basis of [Y],
under T'.

A collection of such asymptotic sets, for arbitrarily small €’s and arbitrarily
large n’s will be referred to as asymptotic sets realizing the asymptotic version T.

The set of all asymptotic versions of an operator T will be denoted {7} .

Note that the asymptotic versions of the identity operator correspond simply to
asymptotic versions of the space.

We are about to prove the basic existence theorem for asymptotic versions of
operators. In order to formulate it, we need the following technical terminology.

DEFINITION 9. A truncation (of length k) of a given collection, ¥ C S(X)Z, is

the collection of sequences of the leading k blocks from all sequences in ¥.
A truncation of an asymptotic set is obviously asymptotic.

THEOREM 10 (THE EXISTENCE THEOREM). Let X be a space with a shrinking
basis. For every operator T € L(X) and every sequence {®,}52, of increasingly

long asymptotic sets, there exists T € {T}o realized by truncated subsets of
the ®,,’s.

Before we prove the theorem, let us isolate the part of the proof which requires
a shrinking basis.
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LEMMA 11. Let X be a space with a shrinking basis, and let T € L(X). Let
be an admission set. The collection of all sequences, which T maps e-close to
sequences from ¥, is also an admission set.

PROOF. As a first step we have to verify that, if a block is supported far enough,
its image under T will be—up to an &/2-perturbation — the first block of some
sequence from Y. This sounds reasonable, recalling that ¥ is an admission set,
and so any block which is supported sufficiently far can play the first vector of
a sequence from X.

To verify, let [X]s,, be the first step in the winning strategy of player S
for ¥. We know that all blocks x; supported far enough have ||P,, (T'(z1))]| <
/2. Indeed, if this weren’t the case, we would have || P, (T(x¥))|| > ¢/2 for a
sequence {x’f}i"zl of normalised vectors supported increasingly far (and hence
weakly null). This would imply that one of the bounded functionals P,y (T'(x)),
1 < ¢ < my, does not go to zero when applied to a sequence of weakly null
vectors—a contradiction. Therefore, as long as x; is supported far enough,
T(x1) fits (up to £/2) as the first vector from a sequence in . The first step is
accomplished.

Let now [X]s,, be the second step in the winning strategy of player S for
Y, given that player V has just chosen the appropriate perturbation of T'(z1).
The above reasoning shows that if x5 is supported far enough, it’s image under
T will be supported (up to an /4 perturbation) after ng, that is, far enough
to fit as the second vector of a sequence from ¥, which begins with our slight
perturbation of T'(z1).

Repeating this argument we see, that if a sequence of vectors is sufficiently
spread out (each vector is supported sufficiently far with respect to its predeces-
sors), the image of that sequence will be a sequence of essentially consecutive
vectors, e-close to a sequence from ¥. We have thus proved that our collection
is indeed an admission collection, and we’re through. O

REMARK 12. In the proof we will apply the last Lemma to the collection of
close realizations of asymptotic spaces in X. The paper [MMiT] explains that
the collection ¥, .(X) of all block sequences of length n, which are (1 + ¢)-
equivalent to asymptotic spaces, is indeed an admission set (we will point out a
proof for this claim in Remark 13 below).

PROOF OF THE EXISTENCE THEOREM. The proof will split into three parts.
First we have to make sure that we can restrict T to operate between asymp-
totic spaces. To do this we will extract from the ®,’s asymptotic subsets of
block sequences, whose normalised images under T' are closely equivalent to as-
ymptotic spaces of X (this is where we use the last Lemma and the shrinking
property). Then we will use a compactness argument and Lemma 4 to extract
asymptotic subsets of block sequences, where the norm of linear combinations,
the normalised image under T and the action of T are almost fixed. Finally we
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will pipe such asymptotic sets of different lengths together by means of Lemma 7,
to realize an asymptotic version of 7.

First step: For every § > 0 and for every asymptotic set W of length n, there
is an asymptotic subset, W', of sequences whose normalised images under T are
(14 6)-equivalent to elements of {X},,.

Proof of first step: We want to show that the following subset of V is asymptotic:

The intersection of W with the collection of block sequences which 7" maps
(up to 6/2) into the admission collection ¥,, 5/5(X) from Remark 12.

V is already an asymptotic set. By the Lemma 11, the sequences mapped close
to X, 5/2(X) form an admission set. Remark 2 says that their intersection must
indeed be an asymptotic set.

Second step: Let M be the compactum of n-dimensional spaces with a normalised
basis and a basic constant not worse than that of X (the metric on this space is
given by equivalence of bases). Consider a finite covering {V;}; of M. Consider
a finite covering {Ij}y of the cube [0,|T||]". For every asymptotic set ® of
length n there is an asymptotic subset, ®’, of block-sequences with the following
additional properties:

(i) The sequences in ¢’ are contained in some fixed V;,.

(ii) The normalised images under T of sequences from ®’ are contained in some
fixed W, .

(iii) For all {z;}?, € @', the sequences {|T(z;)||}?., are contained in some
fixed Iko~

Proof of second step: This is an easy application of Lemma 4 and the fact that
the covering is finite. Our covering induces a covering of M x M x [0, ||T||]™.
Each cell of this covering contains a subset of ® of the form

n T(xl) "
7] k= {{xl}z 1 {‘T’L =1 € ‘/%7 {HT( H } € WJ7 {HT(‘T’L)”} =1 € Ik}

By Lemma 4 one of those collections must be an asymptotic set.

Third step: For every operator T' € L£(X) and every collection {®,}52; of as-
ymptotic sets of increasing lengths, there exists a formally diagonal operator
T € {T}, realized by truncated subsets of the ®,,’s.

Proof of third step: Fix a positive sequence converging to zero, {e,},. Next
choose inductively open finite coverings as in step 2 above with cells of diameter
less than €,. Our aim is that the cells of the coverings correspond to the vertices
of a tree; we want a cell from the (n — 1)-th covering to “split” into cells of the
n-th covcering. To achieve that, we consider the projection from the n-order
space to the (n — 1)-order space that takes (1,...,Zn;Y1, .-, Yn;A1y.. ., An) tO
(T1y - oy Tn—13Yls -+ -y Yn—1; M, -+, An—1). We require that this projection maps
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the covering of the n-order space to a refinement of the covering of the (n — 1)-
order space.

If we choose €1 large enough (say €1 = ||T'||), The cells of such coverings do
form an infinite rooted tree in an obvious way.

Take the collection {®,}, of asymptotic sets. Fix k < n. Applying step 2
to the k-truncation of ®,, we get that there’s a vertex (i.e. a covering cell)
which contains an asymptotic subset of the k-truncation of ®,. Note that if a
certain vertex contains such an asymptotic subset, so must all the predecessors
of that vertex (a truncation of an asymptotic set is an asymptotic set). This fact
means that the vertices containing such asymptotic sets form a connected rooted
subtree. Since k and n were arbitrary, our rooted subtree intersects every level
of the original tree. We therefore have that our subtree satisfies both properties
of Lemma 7, and must have an infinite branch.

Let {®! },, be the truncated asymptotic subsets contained in the vertices
of such an infinite branch. By step 1, we may assume that T sends sequences
from @/ to increasingly good realizations of asymptotic spaces of X. Thus, for
every m, the truncated asymptotic subsets {®/ },, of {®,}, have the following
properties:

(i) The sequences of blocks from {®/ },, are (1 + &,,)-equivalent to the basis of
[Y], for some fixed YV € {X} .

(ii) The normalised images under T of all sequences in {®] },, are (1 + &,,)-
equivalent to the basis of [Z],, for some fixed Z € {X} .

(iii) For any (x;); € {®,,}m, the sequence ||T(z;)||; is fixed up to e,.

Hence, the result of this process is a sequence of asymptotic sets realizing a
formally diagonal asymptotic version of T. O

REMARK 13. Note that since we may start with any collection of asymptotic
sets with increasing lengths, we may choose to extract our asymptotic version of
T from asymptotic sets realizing a given asymptotic version of X. We thus have
for any operator T € £(X) and for any X € {X}. an asymptotic version of T
whose domain is X.

The proof of the existence theorem also implies that for every positive € and
natural n the collection ¥,, .(X) (introduced in Remark 12 and used in the proof
of step 1) is indeed an admission set.

If this were not the case, by Lemma 3 the complement of ¥,, .(X) would be an
asymptotic set, and by its own definition it could not contain sequences (1 + ¢€)-
equivalent to any n-dimensional asymptotic space. Then, using the proof of the
existence theorem for the identity operator (this does not require the first step
of the proof or the assumption that ¥, .(X) is an admission set), we extract
asymptotic subsets realizing some fixed space. This space must (by definition)
be asymptotic—a contradiction.

The same fact was proved in [MMiT, 1.5], by a different compactness argu-
ment.
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3. Asymptotic Versions of Operator Ideals

3.1. Compact operators.

PROPOSITION 14. If T is compact then {T}oo = {0}. If T is not compact then
{T}s contains a non-compact operator.

ProoF. If T is compact, take asymptotic sets, {®,, },,, realizing some asymptotic
version of the operator. Let V play his winning strategy for ®,,, and let S play
tail subspaces [X]s, with n such that ||Tx]., <e.

The block-sequence resulting from this game will still be an approximate real-
ization of the above asymptotic version. This shows that any asymptotic version
of T' can be approximated arbitrarily well by operators with norm smaller than
any positive €. Therefore the only asymptotic version of T is zero.

If T is not compact, there is an € > 0 such that the set
&1 ={z € S(X)L : IT(x)] = ¢}

is asymptotic (of length 1). For any n the collection ®,, of sequences of n
successive elements from ®; is obviously asymptotic.

Using the existence theorem, extract from @, asymptotic subsets realizing
some asymptotic version of T. The norm of this asymptotic version will not be
smaller than ¢ on any element of the basis of its domain, and will therefore be
non-compact. O

Asymptotic versions induce a seminorm on operators, through the formula:
Tl = sup |7

where the supremum is taken over all asymptotic versions of T and the double-
bar norm is the usual operator norm.
It is interesting to note that this gives a way of looking at the Calkin algebras

L(X)/K(X).

PROPOSITION 15. Suppose X is a Banach space with a shrinking basis, where
the norm of all tail projections is exactly 1 (the last property can be achieved
by renorming, see [LTz]). Then the norm of the image of an operator T in the
Calkin algebra is equal to ||| |-

PROOF. One direction is clear. If K is a compact operator on X, the norm of
T + K is at least the supremum of norms of asymptotic versions of T'+ K. The
latter, by the proof of Proposition 14, are the same as asymptotic versions of T

For the other direction we will show that for every T there exist compact
operators K such that the norm of 7'+ K is almost achieved by asymptotic
versions of T' 4+ K, which, again, are the same as asymptotic versions of T'.

We will perturb T" by a compact operator K, such that the set ® of normalised
blocks mapped by T+ K to vectors of norm greater than ||+ K| —e will become
an asymptotic set of length 1. We can then extract an asymptotic version of



174 VITALI MILMAN AND ROY WAGNER

T 4+ K from asymptotic sets containing only sequences of elements in ®. Such
asymptotic versions will almost achieve the norm of T' + K, as required.
Take A to be (up to €) the largest such that

{reSX)e: IT()] = A}
is asymptotic. By this we mean that the set
{ze S T(@)] = A +e}

does not have elements in some tail subspace [X]s,,. Consider T/ =T —T o P,,,
which is a compact perturbation of 7. By our assumption on the basis we have
IT']| < A+ ¢, and the set

{z e SX)L: | T(2)] = A}
is still asymptotic. The proof is now complete. |

3.2. Uniformly singular and asymptotically uniformly singular opera-
tors.

DEFINITION 16. An operator T on a sequence space X is asymptotically uni-
formly singular if for every e there exist n(e, T') and an admission set X, of length
n, such that any sequence in ¥,, contains a normalised vector, which T" send e-
close to zero. Informally we will say, that T" has an almost kernel in any sequence
from ¥,,. T is called uniformly singular if it satisfies the above definition with
Y, =5X)2.

In other words, an operator T is asymptotically uniformly singular, if , when
restricted to the span of a sequence from ¥,,, 77! is either not defined or has
norm larger than 1/e.

An operator ideal close to the ideal of uniformly singular operators was defined
in [Mi], and called og. The difference is that the original definition referred to
all n dimensional subspaces, rather than just block subspaces, as we read here.

PROPOSITION 17. Operators on a Banach-space X, which are asymptotically
uniformly singular with respect to a given basis, form a Banach space with the
usual operator norm, and a two sided ideal of L(X).

PRrROOF. Let T be asymptotically uniformly singular, and let S be bounded. ST
is obviously asymptotically uniformly singular. Indeed, n(e, ST') < n(e/||S||, T),
and the admission sets for ST are the same as those for T'.

To see that T'S is asymptotically uniformly singular we use Lemma 11, and
find admission sets ¥’, whose normalised image under S are essentially contained
in the admission sets ¥ used in the definition of asymptotic uniform singular-
ity for the operator T. T'S will take some normalised block from the span of
any sequence from ¥’ to a vector with arbitrarily small norm. Indeed, S takes
(essentially) X’ to X, where T has an “almost kernel”.
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To show that the sum of two asymptotically uniformly singular operators is
also asymptotically uniformly singular, we need to use the following claim:

If T is asymptotically uniformly singular, then for every e and every k there
exists an N(k,e,T), and an admission set L of length N, such that every
sequence from ¥ has a k-dimensional block subspace on which T has norm
less than €.

This claim is standardly proved by taking concatenations of the asymptotic sets
from the definition of asymptotic uniform singularity for 7T'. It is easier to think
here of the uniformly singular case. Suppose T sends some normalised vector
from any n.-dimensional block subspace into an e-neighbourhood of zero. Then
in any Zle ne,-dimensional block subspace there is a k-dimensional block sub-
space, on which the norm of 7" is at most C' Zle g; (where C'is the basic constant
of X).

To complete the proof of the proposition, fix € > 0 and consider asymptoti-
cally uniformly singular operators, 7" and S. From the definition of asymptotic
uniform singularity produce an admission set X, of length n(e/2, S), such that
S takes some normalised block in the span of any ¥-admissible sequence to a
vector with norm less than £/2. Take the admission set W of length N (n,e/2,T)
from the above claim. It is possible to extract an admission subset W/ C W,
such that any n consecutive blocks of a sequence in W’ are also in X (similarly
to Remark 2).

We therefore have that in any block sequence in W’ there is an n-dimensional
block subspace where T has norm less than £/2. This subspace must be essen-
tially the span of a sequence from ¥, so it contains a normalised vector, whose
image under S has norm less than /2. This means that 7'+ S sends this vector
e-close to zero, and hence T+ S is asymptotically uniformly singular.

The fact that asymptotically uniformly singular operators form a closed sub-
space of L£(X) is straightforward. O

REMARKS 18. (i) Every asymptotically uniformly singular operator T is actually
uniformly singular on some block subspace.

Indeed, From Gowers’ combinatorial lemma (in [G], see also [W1]) it follows
that there is a block subspace Y, where ¥, . 1) = S(Y)Z(E’T).

In a diagonal subspace we can find an n for every ¢, such that any sequence
of the form e, < x1 < ... < x, has a normalised block whose image under T
has norm less than ¢.

It is easy to see that on this block subspace T is uniformly singular; indeed,
every sequence of n blocks contains a sequence of [n/2] blocks supported after
the [n/2]-th basic element.

(ii) It is not true, however, that the ideals of asymptotically uniformly singular
and uniformly singular operators coincide.
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Consider the following example: Let X be the f5 sum of increasingly long ¢5’s,
and let Y be their £3 sum. The formal identity from X to Y is not uniformly
singular, but is asymptotically uniformly singular.

(iii) It is easy to extend Proposition 17 and show that asymptotically uniformly
singular operators form a two sided operator ideal with the operator norm, when
restricting our attention to the category of Banach spaces with shrinking bases.
Uniformly singular operators will only form a left-sided ideal in the (shrinking)
basis context. This is because a bounded operator multiplied to the right of a
uniformly singular operator does not have to preserve blocks.

(iv) It is worth noting that in the Gowers-Maurey space (from [GM]), all opera-
tors are in fact uniformly singular perturbations of a scalar operator (this follows
from Lemma 22 and Lemma 3 in [GM]). This point is even more interesting in
light of Corollary 21 below, and the Remark which follows it.

The following proposition claims a strong dichotomy in the asymptotic struc-
ture of operators: either it contains an isomorphism, or it is composed only of
uniformly singular operators.

PROPOSITION 19. IfT is an asymptotically uniformly singular operator then all
operators in {T}oo are uniformly singular. If T is not asymptotically uniformly
singular, {T}oo contains an isomorphism.

PROOF. Let T be asymptotically uniformly singular. Take asymptotic sets $,,
realizing an asymptotic version of T. Let player V play the winning strategy
for ®,,, while S plays the winning strategy for the admission sets ¥,, from the
definition of asymptotic uniform singularity for 7. The resulting vector sequences
must approximately realize the above asymptotic version, but must also contain
an “almost kernel” for 7.

Keeping in mind that a restriction of an asymptotic version to a block subspace
is still an asymptotic version, we conclude that T" has an “almost kernel” on every
block subspace of the appropriate dimension. Therefore any asymptotic version
of T is uniformly singular.

Suppose T' is not asymptotically uniformly singular. Then for some € > 0
the sets ®,, of all sequences in S(X)%, on which T is an isomorphism with
|T—1|| < 1/e, are asymptotic. Indeed, if they weren’t, by Lemma 3, for some &
and for every n, ®¢ would be admission sets, and then 7" would be asymptoti-
cally uniformly singular, in contradiction. Using the existence theorem, extract
from ®,, asymptotic subsets ®/ , which realize an asymptotic version of T. This
asymptotic version is an isomorphism. O

REMARK 20. Note that the proof shows that if T' is asymptotically uniformly
singular, all its asymptotic versions will be uniformly singular operators with the
same n(e) as T.
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We offer here an application of the theory developed above. Recall that an
asymptotic £, space is a space, all whose asymptotic versions are isomorphic
to £p.

COROLLARY 21. Ewery asymptotically uniformly singular operator from an as-
ymptotic £, space X to itself is compact.

PROOF. Consider the set AUS(X) C L(X) of asymptotically uniformly singu-
lar operators. The asymptotic versions of these operators, by Proposition 19
above, are all uniformly singular operators in £(¢,). In particular they are all
asymptotically uniformly singular, and therefore belong to some proper closed
two-sided ideal. It is well known [GoMaF] that the only proper closed two sided
operator ideal in £(£}) is the ideal of compact operators, but let us sketch a very
simple proof for this particular context:

All asymptotic versions of T are diagonal uniformly singular operators in
L(Lp). It is clear then, that given any ¢ > 0, only finitely many entries on the
diagonal are larger than €; otherwise, restricting to the span of the basic elements
corresponding to the entries larger than € we get an isomorphism. Therefore the
entries on the diagonal go to zero, and the operator is compact.

We can now complete the proof of the corollary, using Proposition 14 once
more.
AUS(X) ={T € L(X) : {T}oo CUS(()}
={T € L(X) : {T}c CK{,)} = K(X).

where K(Z) is the set of all compact operators on Z, and US(Z) is the set of all
uniformly singular operators on Z. O

REMARK 22. Note that, by this corollary, if an asymptotic-¢, space with a
shrinking basis has the property of the Gowers-Maurey space from the last point
of Remark 18, then all bounded linear operators on this space will be compact
perturbations of scalar operators. Whether such a space exists is an important
open question.

3.3. A general theorem. We conclude with a theorem which explains that
the above instances form part of a more general phenomenon. When referring
to an operator ideal we invoke the categorical algebraic definition from [P]. An
injective operator ideal J has the property that if T': X — Y is in J, then the
same operator with a revised range, T': X — Im(T), is also in J. The following
theorem states that the “asymptotic preimage” in £(X) of an injective ideal is
itself an ideal in the algebra £(X). The preimage may be trivial, but previous
examples show this needn’t be the case.

THEOREM 23. Let J be an injective operator ideal, and let X be a space with
a shrinking basis. The set of operators J = {T € L(X) : {T}o C J} is an
operator ideal in L(X).
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PROOF. If we multiply an operator S € J' with an operator T' € £(X), an as-
ymptotic version of the product will always be a product of asymptotic versions.

Indeed, take the asymptotic sets realizing an asymptotic version, R,of R=ST
(or R =T5S). Extract by the existence theorem asymptotic subsets, which realize
an asymptotic version T of T. Recall that the set of sequences which approxi-
mately realize asymptotic versions of S is an admission set (consult Remark 13).
Thus Lemma 11 and the proof of the existence theorem allow to extract asymp-
totic subsets of sequences whose normalised images under T realize an asymptotic
version S of S. The product of these asymptotic versions, ST € J, is realized
by the same asymptotic subsets as well. But these asymptotic subsets must still
realize R. Therefore R € J, and R must be in J'.

Let T and S be in J'. Let R = S+ T, and find asymptotic sets realizing
R, an asymptotic version of R. Extract asymptotic subsets realizing asymptotlc
versions of S and T, S and T respectively. Note that we cannot say that R =
S+ T; in fact S and T may even have different ranges. However, we trivially
have

[B@)[| < IS@)| + | T()]. (3.1)
This is enough in order to prove R € J. Indeed, we can write
R:Po(ilongigoT),

where

Y SY®Z, iy Z-Y
Zl(y) = (y70)7 Z2(2) = (O,Z),

and P : Im(i;0S+i50T) — W is defined by the equation P((iy 0S+iy0T) (z)) =
R(z), and extended by continuity. Inequality (3.1) assures that P is well defined
and continuous.

Now T and S are in J, so iy 0 S + iy 0 T is also in J. By injectivity, we are
allowed to modify the range as we compose with P, and still maintain that the
result R is in J. Thus R € J', and we conclude that .J' is an ideal in £(X). O
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Metric Entropy of the Grassmann Manifold

ALAIN PAJOR

ABSTRACT. The knowledge of the metric entropy of precompact subsets of
operators on finite dimensional Euclidean space is important in particular
in the probabilistic methods developped by E. D. Gluskin and S. Szarek
for constructing certain random Banach spaces. We give a new argument
for estimating the metric entropy of some subsets such as the Grassmann
manifold equipped with natural metrics. Here, the Grassmann manifold is
thought of as the set of orthogonal projection of given rank.

1. Introduction and Notation

Let A be a precompact subset of a metric space (X, 7). An e-net of A is a
subset A of X such that any point 2 of A can be approximated by a point y of
A such that 7(z,y) < e. The smallest cardinality of an e-net of A is called the
covering number of A and is denoted by N (A, 7,¢). The metric entropy (shortly
the entropy) is the function log N(A, 7, .).

When X is a d-dimensional normed space equipped with the metric associated
to its norm || . ||, we will denote by N(A,||.|,€) the covering number of a subset
A of X and by B(X) the unit ball of X. The metric entropy of a ball A = rB(X)
of radius r is computed by volumic method (see [MS] or [P]): for € €]0, r],

(5)" < NeBX) 119 < (32)" )

The space R™ is equipped with its canonical Euclidean structure and denoted
by ¢3. Tts unit ball is denoted by BY, the Euclidean norm by |.| and the scalar
product by (., .). For any linear operator T" between two Euclidean spaces and
any p, 1 < p < oo, let

1/p
op(T) = <Z|5i(T)|p)

i>1

Part of this work was done while the author visited MSRI. The author thanks the Institute
for its hospitality.
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where s;(T), i = 1,... denote the singular values of T. In particular, o is the
nuclear norm, o9 is the Hilbert-Schmidt norm and o, the operator norm. The
Schatten trace class of linear mapping on the n-dimensional Euclidean space
equipped with the norm o, is denoted by S7. More generally, we consider a
unitarily invariant norm 7 on L(¢3); it satisfies 7(USV') = 7(S5) for any S € L({%)
and any isometries U,V on ¢5. It is associated to a l1-symmetric norm on R"
and 7 is the norm of the n-tuple of singular values. For any Euclidean subspaces
E, F of £, T induces a unitarily invariant norm on L(E, F') still denoted by 7.

Let Gy, be the Grassmann manifold of the k-dimensional subspaces of R™.
For any subspace E € GG, we denote by Pg the orthogonal projection onto E.
We will denote by o, the metric induced on Gy, by the norm o, when G,, ; is
considered as a subset of Sj'. Similarly, we denote by 7 the metric induced onto
Gp, 1 by the norm 7.

We are mainly interested in estimating N(B(S}),0p,€). The computation
of N(Gpk,0p,€) was done in [S1] and is the basic tool in [S2] for solving the
finite dimensional basis problem (see also [G1], [G2] and [S3]). For computing the
metric entropy of a d-dimensional manifold, we first look for an atlas, a collection
of charts (U;, pi)1<i<n and estimate N. The situation is particularly simple if
for each of the charts, ; is a bi-Lipschitz correspondence with a d-dimensional
ball. Locally, the entropy is computed by volumic method. To estimate the
number N of charts in the atlas, we look at the Grassmann manifold in L(R™)
with the right metric. Such an embedding that does not reflect the dimension
of the manifold cannot give directly the right order of magnitude of the entropy,
but as we will see, it gives an estimate of the cardinality N of a “good” atlas.
The two arguments are combined to give the right order of magnitude for the
entropy of G, 1. We did not try to give explicit numerical constant and the same
letter may be used to denote different constants.

2. Basic Inequalities

Let G be a Gaussian random d-dimensional vector, with mean 0 and the
identity as covariance matrix. The following result is the geometric formulation
of Sudakov’s minoration (See [P]).

LEMMA 1. There exists a positive constant ¢ such that for any integer d > 1,
any subset A of R? and for every e > 0, we have

ev/10g N(A,|.],e) < cEsup(G,1t). (2)
teA

LEMMA 2. There exists a positive constant ¢ such that for any integer n > 1,
for any p such that 1 < p < oo and for every € > 0, we have

n372/p

log N(B(S)),09,¢) < ¢ (3)

e2



METRIC ENTROPY OF THE GRASSMANN MANIFOLD 183

PROOF. Let A be a subset of the Euclidean space S§ equipped with its scalar
product given by the trace. Applying the inequality (2) where G is a stan-
dard Gaussian matrix whose entries are independent N(0, 1) Gaussian random
variables, we get that

ev/1og N(A, o2,¢) < cE sup trace(GT).

TecA

Let g such that 1 < ¢ < oo and % + % = 1. By the trace duality,
[trace(GT)| < 04(G)op(T) < 04(G),
for any T' € B(S}). Now it is well known that
Eo,(G) < nY"Eo(G) < an'/1y/n, (4)

for some universal constant « (see [MP], Proposition 1.5.). Therefore

1
\/IOgN(B(S;‘),Oz,E) < can'/?\/n =

which gives the estimate (3). O

The next inequality is in some sense dual to (2). Again G is a Gaussian d-
dimensional random vector.

LEMMA 3 (see [PT]). There exists a positive constant ¢ such that for any integer
d>1, any norm || .|| on R% and for every e > 0, we have

ey/log N(BY. | - [.£) < |G| (5)

LEMMA 4. There exists a positive constant ¢ such that for any integer n > 1
and for any q such that 1 < q < oo, we have

nl+2/q

log N(B(Sg)vo'qﬂf) <c (6)

o2
for every e > 0.

PrOOF. The proof follows from the formulae (4) and (5) applied with the norm
og. ]

PROPOSITION 5. There exists a positive constant ¢ such that for any integer
n > 1, for any p,q such that 1 < p < 00, 2 < g < oo and for every € > 0, we
have

n(2=1/p=1/9)q¢’

; : (7)

log N(B(S)),04,€) < c -

where 1/q+1/¢ = 1.
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PRrROOF. We observe that

N(B(S}),04:) < N (B(S}), 02, 5 ) N(B(S),0,.0).

Therefore inequalities (3) and (6) give us

n372/p92 n1+2/q
log N(B(S}), Jq,E)<C< = + 7 )

Optimizing with §2 = en~'T1/P+1/4 we arrive at
n2—1/p+1/q
log N(B(SD), 00¢) < 2¢ " ®)
€
In particular for ¢ = oo, we get

nQ—l/p

log N(B(S)),000,€) < 2¢ 5

Letn0w2§q§oo,)\:%,sothatog)\gland%:)\%Jr(lf)\)

Holder’s inequality, for every x,y > 0, we have

N(B(S}), 04,22y ™) < N(B(S}}), 02,2)N(B(S}}), 0oc, y)-

This relation and inequalities (3) and (9) yield

n3 2/p 2-1/p
log N(B(S})),04,€ )<86< 7 +(€/z)1/1>‘)’ z2>0
and the optimal choice z = (q — 2)(@=2)/a(a=1) ¢1/(a=1) 5, (1=1/P)(a=2)/ala=1) giyes
the estimate (7). O

REMARKS. 1) Estimates (7) and (8) are relevant when p < 2 < g, their accuracy
depends on the range of e, particularly with respect to 1/n(t/P=1/4),
2) Note that when p = 1, inequality (7) becomes

n
log N(B(ST), oq, )gcg.

3) All the computation of entropy above, could have be done by the same method
for the trace classes of operators between two different finite dimensional Eu-
clidean spaces. One can use Chevet inequality [C] to get the relation corre-
sponding to (4).

3. Metric Entropy of the Grassmann Manifold

We consider now the Grassmann manifold G, as a subset of S;, which
means that G,, i is equipped with the metric o4(E, F') = 04(Pr — Pr). In view
of evaluating the cardinality of a “good” atlas of the Grassmann manifold, we
begin with a first estimate for its entropy.



METRIC ENTROPY OF THE GRASSMANN MANIFOLD 185

PROPOSITION 6. There exists a positive constant ¢ such that for any integers
1 <k <n and for every € > 0, we have

d
log N(Gp iy 00, €) < € (10)

where d = k(n — k).

PrOOF. We may suppose that £ < n — k. Since for any rank %k orthogonal
projection o1 (P) = k, inequality (7) with p = 1 gives by homogeneity,
log N (G 000 2) < log N(B(S}), 0o, k)
<c n—k < 2c Cj J
€ €
Let E,F € Gp 1, and U € O, such that U(F) = E, then clearly

(PpiPg)* = (PpoUPpU*)* = UPpU*Ppy = UPp Py U*.

Therefore Pr. Pr and PrPgi have the same singular values. Moreover, since
Pg — Pr = Prp. Pp — PrpPp. is an orthogonal decomposition, for any unitarily
invariant norm 7 we have 7(Pr. Pg) = 7(PpPg.) and

T(Pp1Pg) < 7(E,F) < 27(Pp. Pg).
Denote by Ppg the restriction over E of the orthogonal projection onto F'

and consider its polar decomposition

k

Ppig = Zsiei ® fi, i >0, (e, f;) = 0izsi,1 <i,j <k,
i1

with (e;)1<i<r an orthonormal basis of E and (f;)1<i<k an orthonormal basis of

F. Let €, = (—sie; + fi)/\/1 — s? and f] = (—e; + s;fi)/+/1 — s? when i is such

that s; # 1. The families (e}) and (f/) are respectively orthonormal systems in

E+ and F* and we have the following polar decomposition:

Pg—Pp=PpPp. — PpPp. =Y J1-s2ei@fi+ Y VI-ste;af].

51'751 Si?ﬁl
Consequently, for 1 < ¢ < o

k 1/q
4B F) = (04(Pps )+ 0a(Prss ) /q—(azl—s q/?) |
=1

Note that the Riemannian metric is given by o,(E, F) = (35 arccos? si)l/ 2
and therefore
71'
09(E, F) <V20,(E,F) < 5 02(E, F).
Let E be a k-dimensional Euclidean subspace of R™. For any 0 < p < 1, let
Vo(E) ={F € Gpi : 0c(E,F) < p}.
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Let us recall a standard chart: (V,(E), ) where ¢ : V,(E) — L(E,E*) is
defined by

pp(F) = PEHF 0 (PE\FV1
In other words, F is the graph of u = ¢g(F) and F = {z +u(z) : x € E}. With
this notation, we have:

LEMMA 7. Let0< p <1, E,F,G € Gn and F,G € V,(E), let u = ¢g(F) and
v =g(G), let T be a unitarily invariant norm on L(¢3), then we have

= w + oy w 410
21/2
27 (F,G) < 7(u —v) < 2 T(F, G). (12)

PrROOF. Let H € V,(E) and w = ¢g(H). The relation (11) follows immediately
from

0o (PeLPr) = 0o (E, H) = sup |w(z)|/+/1+ [w(z)]? = 0oc(w)/\/1+ 0o (w)?.
Recall that F' = {z + u(z) : z € E} and G = {x + v(x) : « € E}. To prove the
second relation, let z,y € E such that Pg(z + u(x)) = y + v(y), then
[P (z +u(x))] = v —y +ul@) —v(y)| = |z -yl
Therefore
lu(z) —v(2)|* = |(z+u(@)) — (z+v(z))]”

= |Pgs(z+u(@)? +](y—2) +ov(y—2)?

< (2+060(0)?) | Po (w+u(2)) P,
and for every x in E we have

[P (2 + u(@))] < [u(@) = v(@)] < (2+ 000 (0)*) /2| Pgu (x + u(z))].
The left-hand side inequality means that
|Pgr Pr(2)] <|(u—wv)(Pgz)| forany z¢€ F.

It is well known that if S,T € L(¢%) satisfy |Sx| < |Tx| for every x then 7(5) <
7(T). Hence
T(PGJ.PF) S T(u — ’U).

Applying the same observation to the operators S = (u — v)Pg and
T = (24 000(v)?)/?Pg. Pp(Pg + uPp)
and using the right-hand side of the same inequality above, one gets
(=) < (24 000 (V))2(1 4 0o (u)?) /27 (Pg Pr).
We conclude using (11) and the relation between 7(Pg. Pr) and 7(E, F). O
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We now give a new proof of a result of Szarek.

PROPOSITION 8 (see [S2]). For any integers 1 < k <n such that k <n — k, for
any q such that 1 < g < oo and for every € > 0, we have

(f)d < N(Gogy 0q, kM) < (C)d, (13)

3 3

where we set d = k(n — k) and ¢,C > 0 are universal constants.

PRrROOF. The relation (11) of lemma 7 shows that if we fix p, say p = 1/2, then
¢ is a bi-Lipschitz correspondence from the “ball” V;,5(E) onto the ball of
L(E,E*+) of radius 1/4/3 (in the operator norm) and from (12), the Lipschitz
constants are universal. Therefore the metric entropy of V; /5(E) for the metric
0w is equivalent to the entropy of a d-dimensional ball of radius 1/v/3 for its
own metric. From (1) we get

C1

(?)d S N(Vi2(E), 000,6) < (%)d

for some positive universal constants ¢; and co. From inequality (10) of Propo-
sition 6, there is an atlas (V1 ,2(E;), ¢E, )1<i<n With

log N <log N(Gy k,000,1/2) < 2cd.
Since for a fixed k-dimensional subspace F,
N(Gn,ka 00075) S N(Gn,kvaoov 1/2)N(V1/2(E)a 00075)7

we get
2c

(il)d < N(Gg 0oor€) < <C2e )d- (14)

9 9

The computation of ,(.) on G, shows that (2k)~'/90,(E,F) is an in-
creasing function of ¢ € [1,00) if E,F € G, and so the same is true about
log N(G i ,04,€(2k)!/9). Therefore the upper bound in (13) is a consequence
of (14).

To get a lower bound of the entropy, it is sufficient to look at only one chart,
say (Vi/2(E),pg) and for the nuclear norm. Using lemma 7 with ¢ = 1, we
reduce the problem to a minoration, for the nuclear metric, of the entropy of
the unit ball of L(E, E1) with the operator norm. Now we join the method of
[S2]; a lower bound for the covering number is obtained by evaluating the ratio
of the volume of the operator norm unit ball of L(E, E*) and the volume of the
nuclear norm unit ball. This concludes the proof. O
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Curvature of Nonlocal Markov Generators

MICHAEL SCHMUCKENSCHLAGER

ABSTRACT. Bakry’s curvature-dimension condition will be extended to cer-
tain nonlocal Markov generators. In particular this gives rise to a possible
notion of curvature for graphs.

1. Definition of Curvature

Let (2, 1) be a probability space and L a self-adjoint negative but not neces-
sarily bounded operator on Lo(u) given by

Lf(x) = / (F(y) — F(2) K () uldy) (1)

where K is a non negative symmetric kernel. Obviously L remains unchanged if
we change K on the diagonal. By P, = e'” we denote the continuous contraction
semigroup on Lo (p) with generator L. We will assume that P; is ergodic and that
there exists an algebra A C ﬂn dom L™ of bounded functions which is a form core
of L. Then the Beurling-Deny condition implies that P, is a symmetric Markov
semigroup, i.e., P; preserves positivity and extends to a continuous contraction
semigroup on L,(u) for all 1 < p < co. We will also assume that A is stable
under P;. On A x A define

To(f,9) :== $(LT(f,9) = T(f, Lg) — T(g, Lf)).

Following D. Bakry and M. Emery [BE, B] we define the curvature of L at the
point z € by

R(L)(z) :=sup {r € R: Ta(f, f)(x) > rI(f, f)(z) for all f € A},

and say that the curvature of L is bounded from below by R if R(L)(x) > R for
allz € Q,i.e, To(f, f) > RU(f, f) for all f € A. By the definition of R it is clear
that R(AL) = AR(L) for any A > 0. Let us say a a word about the motivation
for this definition. Assume L is the Laplacian on a Riemannian manifold, then
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I(f,f) = llgrad f||* and Ta(f, f) = Ric(grad f,grad f) + || H f||?, where Ric
denotes the Ricci curvature and H f the Hessian of f. Thus R(L) coincides with
the biggest lower bound for the Ricci curvature.

Given I we can define a metric dr on 2 by

dr(z,y) = sup {|f(z) — f(y)| : T(f, ) < 1}.

If L is the Laplacian on a Riemannian manifold this is just the metric induced
by the Riemannian metric.

From now on we will assume that for all y € Q the function « — /K(z,y)
belongs to the algebra A. In case L is given by (1) we obtain, by putting

V,f(@) = f(y) - f(x) and d() = [ K(2,9) pldy).
(f.9)w) = & [ 9, @)V,9(0)K o.0) )
Lo(f, f)(x) = ¢ / Vyf(x)Q( / K(z,2)K(y, z) p(dz) + K (w,y)(3d(y)—d(w))) 1(dy)
4 [ [Vt @9 0K @ )R (5, 2) - K. 2) i) i)

For simplicity of notation let us write (f) for the mean [ fdu and (f,g) := (fg).
Suppose that the curvature of L is bounded from below by R > 0, then

and by Proposition 6.3 in [B] this is equivalent to the spectral gap inequality
(f?) = ()2 < R7YT(f, f)). Thus R < Ay, where )1 is the spectral gap of —L.

Now we are going to check that Ledoux’s proof [L1] of the concentration of
measure phenomenon on compact Riemannian manifolds still works in the above
setting.

1. (Bakry) If f € A and if the curvature of L is bounded from below by R > 0,
then by differentiation of the function F(s) := P;['(Pi—sf, Pi—sf) it is easy to
see that F’ > 2RF and hence, for all f satisfying T'(f, f) < 1,

F(Ptfa Ptf) S eithPtF(.ﬂ f) S 672Rt' (2)

2. For f € A and A > 0 we have
(L(f,eM)) < MM T(F, ) (3)
This follows from the elementary inequality (e¥ — e%)/(y — x) < 1(e¥ + e%).
3. (Ledoux) For A > 0, f € A such that I'(f,f) < 1 and (f) = 0 define
F(t) := (eM*) then
—F'(t) = =MLP.f,e*")) = MO(P.f,e*™T))
S AN D(Pf, Pif)) < A2e 2 AT ) = N2 2R (1),
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where we first used (3) and then (2). Thus (log F)'(t) < —A2e~2F* and since
F(c0) = 1 we conclude that F(0) < e*’/2R_ which implies the deviation inequal-
ity
pu(f >e) < e 3R (4)
If © is a finite graph with counting measure p we define
Lf(z) = (f(y) - f(2)).
y~T

y ~ x meaning that y and x are connected by an edge. Suppose that f is 1-
Lipschitz with respect to the graph distance, then I'(f, f)(z) < d(x)/2, where
d(z) is the degree of the vertex x. Also, in this case I's(f, f)(z) only depends on
points whose graph distance to x is at most 2. In this respect the curvature is a
local quantity.

Suppose Ly and Ly are generators of type (1) on La(€, 1) and Lo(Q4, 1)
respectively. Let P! and P? be the corresponding contraction semigroups on
Lo(Qq, 1) and Lo(Qq,p1). Then L := L1 ® 1 + 1 ® Lo is the generator of
P(f®g):= P f®Pgand

I(feg feg) = el (g9 +T"(f, /) edg,
Ti(fog.fog) =75 (9,9) +T5(f.f)®g* + 2T (f, f) @ T2 (g, 9).

For simplicity we assume Ly = --- = L,; we will also drop the superscripts. By
induction we obtain, for F = @]_, f;,

D(F,F) =) fio @ 100 [)effne of
J
Do(FF) =) fi® @ ff 1 OTa(f5, [;)@ fla @ f)
J

+2) i@ ® 1 0T(fi, )@ ffa©- - © ff
i<j
L(fi, )@ fa® @ fr.
Let ¢ = (z1,...,2,) € Q" put T; = (z1,...,2j-1,%j4+1,...,2Tn) and define

Fz, : Q — R by Fz,(z;) = F(x), then the terms involving I" in the second sum
can be written as

/ / (F, () — Fo () (s, (05) — F, () K (20, 90) K (25 y;) pldys) ().

For z € Q" and y € Q, we define VI F(x) := F;,(y) — F, (x;); then the preceding
expression equals

/ VL vj )2 K(xi’yi)K(l‘j,yﬂU(dyi) U(dyj)-
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n
Hence, for all F' € @);_, A

T(F,F)( ZF Fry Fz,) (),
x) = ZFQ(F@7F@)(IJ)

+22// vV, Vi, Fx 2 K(%yi)K(%,yj)u(dyi)u(dyj)-

1<J

We thus have the following analogue to manifolds:

THEOREM 1.1. Suppose the curvatures of Ly, ..., L, are bounded from below by
Ri,...,R,. Then the curvature of

Lil®@ @1+ +1®---011® L,.
is bounded from below by min; R;.

Finally let us note a somewhat more convenient formula for I's: For each y € Q
define X, : A — A by X, f(x) = K(z,y)(f(y) — f(2)).

ProroOSITION 1.2. For all f,g € A we have
I'(f,9) = %/nyXygu(dy),
Lalfof) = § [ POOL X0 + X, 1L X uld),

where [L, X] denotes the commutator LX — X L.

Proor. The first formula is just the definition of X,. As for the second we note
that

LT(f.f) =} / (X, )2 u(dy) = / P(X, f. X, ) + X, FLX, | uldy)

and thus the formula follows by the definition of I's. |

2. Curvature of Graphs

Let us consider the trivial example K(z,y) = 1. In this case

D) = b [ 98P (),

L2 N@) = 4 (3 [ 9t uta) —2( [ Vs uia) ).

Choosing R = 3 the inequality Is(f, f) > RT(f, f) is thus equivalent to

[t ([t
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i.e., the curvature of L is bounded from below by % If Q is a complete graph
of order n then we obtain a slightly larger lower bound for the curvature: R =
1/241/n. In this case the deviation inequality can be obtained much more easily:
following M. Ledoux [L.2] and using the elementary inequality (e* —e¥)/(x—y) <
%(ez +eY), we get, for all f € A,

(fef) — (e loglef) < § / / (@) = )@ — S O) pu(da) pu(dy)

/ D2 () 4 W) p(dr) p(dy)
(ef,T

(£ ), (5)

| /\

which implies (see [L2]) that u(f — (f) > €) < e~= /4 provided I'(f, f) < 1. The
latter condition implies that f is bounded: if (f) = 0, then |f| < /2 — (f?).
Ledoux’s point is not this deviation inequality but rather the fact that (5) ten-
sorizes easily. In our context this is reflected by the fact that if the curvature of
L is bounded from below by R, then so is the curvature of L® 1+ 1® L. In the
particular case of the cube @ = {—1,+1} and the normalized Haar measure y;
we get by 4 and Theorem 1.1:

COROLLARY 2.1. Let f : QN — R be a 1-Lipschitz function with respect to the
graph distance. If (f) =0, then un(f > ¢) < 6’252/1\’, where py is the product
probability.

PRrOOF. Since [(V,f(z))? pi(dy) < 1/2 we get T'(f, f) < N/4. O
More generally:

COROLLARY 2.2. Let Q be a complete graph of order n with normalized counting
measure 1 and QN the product graph with the product measure pin. Suppose
f: QN — R is a 1-Lipschitz function with respect to the graph distance such that
(fy =0, then

N(f>e) < exp(—%az).
Now suppose Q = {0,1,...,n — 1} is a finite graph of order n. Any function
f 2 — R can be thought of as a vector f = (fo,..., fn—1) € R™. By u we
denote the counting measure on € and by pg the normalized counting measure.
For any function f :  — R we will also write (f) for the mean of f with respect
to po. Define (Lf); = > .(fi — f;)K;;, where K; ; is 1 if and only if ¢ ~ j and
put z; := f; — fo and d; := ), K;, the degree of the vertex ¢. Then we obtain

2
5hf :2§$K'LO
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and

n—1

=1 o (ZKZOKzl+KzO(3d —d0+2))

i=1
— Z xixj(Ki,j(Ki,o + ij) — K 0Kj0).

1<i<j<n—1

Define symmetric matrices A = (a; ;) and G = (g;;), 1 <4, <n—1by

N T3 KioKi) + 3Kio(3d; —do+2) ifi=j,
! —Ki j(Kio+ Kj0) + Ki 0Ko, if i # 7§,

and g; ; = K; o and 0O off the diagonal. Then the curvature Ry at 0 is bounded
from below by

sup{re R: A—rG > 0}.
In this case we conclude by (4) that for all 1-Lipschitz functions f: Q — R

Ho(f = (f) > ) < e” /D (6)
where R = inf R; and d = maxd;.
The off-diagonal entries of A can take on the values 0, 1 or —1 only:

-1 ifi~jand (i ~0orj~0),
Qi = 1 ifitjand j~0andi~0,
0 otherwise.

For € > 0 let B.(7) be the ball {j € Q:d(i,j) <e}. Let I = B1(0) \ {0} be the
set of vertices, which are connected with 0 and put J = Bz(0) \ B1(0). Then,
for 4,7 € I with i # j, we get

1 ifi~j,
+1 ifi g,

a;

s

2:%( (3)+3d —d()+2) and al,j:{

(3

where ¢;’ ) is the number of 3-cycles containing both 0 and 4. If i # j, 4,5 € J,

then
2
Qi = QpEO) and a;; =0

s

where pg?o) is the number of paths of length 2 joining 0 and 4. Finally, if i € T

and j € J, then
1 i
Q5 = IZ j,’
0 ifiqdy.

By restricting the vertices to I x I, Jx J, I xJ and J x I, we get four submatrices
Arr, Ay, Arg and Ajp = Af

Arr Apg )
A= .
(AJI Agg
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Thus the smallest eigenvalue of Aj; is a lower bound for the curvature at 0.
Since CE?O) < d;, we conclude that

Ro §1nf{2dj —d0/2+1 jNO}

Thus the lower bound of the curvature cannot be positive if there exist two
connected points ¢ and j such that d; > 4d; + 2. Another more or less obvious
upper bound for R involves the diameter D of Q:

D := Sup{|fl_fj| : 17] € Qvfe Llpl(Q)}

Since for all € > 0 there exists f € Lip, () such that po(|f —¢| > (D/2—¢€)) >
1/n for all ¢ € [0, D], we obtain, by (6), R < 4dlog(2n)/D? .

Now we turn to a more homogeneous situation: we will assume that for all
i,j € § there exists an isomorphism h; ; from Bs(i) onto Bs(j) such that h; ;(i) =
j. 1If follows that each vertex has the same degree d and a lower bound R
for the curvature at any point is also a lower bound for the curvature of L.
Therefore we will call these graphs, graphs of constant curvature. This situation
in particular occurs if there is an underlying group structure that determines
the graph: Let I = {¢1,...,94} C G\ {e} be a symmetric subset of a finite
group G with neutral element e. Suppose further that By(e) = I U{e} generates
G, ie., U, Bi(e)" = G. Two points z,y € G are connected if there exists a
g; € I such that y = g;xz. Obviously the map h, , : Ba(x) — Ba(y) defined by
hyy(2) = zx~ly is an isomorphism.

PROPOSITION 2.3. Let V; be the operator V; f(x) := f(g;x) — f(x). Then the
following statements are equivalent.

1. The graph distance is a bi-invariant metric.

2. Forall g,h €1, ghg™t € I.

3. For all j the operator V; commutes with L.

The Ricci curvature of a Lie group with bi-invariant Riemannian metric is always
non negative. The following proposition is the analogue of this fact for finite
discrete groups.

PROPOSITION 2.4. Let G be a finite group, I = {g1,...,g4} a symmetric subset
of G\ {e} such that condition 2 of Proposition 2.3 holds. Then R is a lower
bound for the curvature of G if and only if, for all f: G — R,

D (ViVef)? = 2R (Vi)
Jik J
In particular the curvature of such groups is always non negative.

ProOOF. By Proposition 2.3 the commutators vanish and thus the assertion
follows from Proposition 1.2. O
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A bi-invariant metric on a finite group need not necessarily evolve from a
graph structure: The Hilbert—Schmidt metric

dps(mi,me) = %\/(771 — ma)(m — ma)*

is a bi-invariant metric on the symmetric group II,, and Bj(e) \ {e} is the set of
all transpositions, but the metric d determined by Bj(e) \ {e} is different from
dys.

It’s very likely that the curvature of (IL,,d) is bounded from below by 2.
However, this is too small to recover Maurey’s deviation inequality for II,,; see
[M] or [MS].

For n > 2 let Q = {e1,ea,...,€n,—€n,...,—€1} be the set of extreme points
of the unit ball of /7. Two points are connected if they are connected by a 1
dimensional face of the unit ball. In this case A is a (2n—1) x (2n—1) matrix
whose diagonal is given by {3(n—1),...,3(n—1),(n—1)}. The off diagonal en-
tries a; ; are 1if i 4+ j = 2n—1 and —1 otherwise. The curvature of this graph is
bounded from below by n.

The curvature of the icosahedron is bounded from below by (11 — 3v/5)/2.

The curvature of the dodecahedron is bounded from below by 0.

For n > 5 the curvature of the additive group Z, with I = {1,n—1} is
bounded from below by 0.

Let ({1,...,n},d) be a finite metric space. Putting K (i,5) := 1/d(i, j)?, then
dr = d. Thus the curvature can be defined for any finite metric space.
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An Extremal Property of the Regular Simplex

MICHAEL SCHMUCKENSCHLAGER

ABSTRACT. If C is a convex body in R™ such that the ellipsoid of minimal
volume containing C—the Lowner ellipsoid—is the euclidean ball B, then
the mean width of C is no smaller than the mean width of a regular simplex
inscribed in By .

1. Introduction and Notation

Suppose that C is a convex body in R™ such that 0 is an interior point of C,
then the mean width w(C) is defined by

w(C): = sup(z,y) — inf (z,y) ) o(dx)
Jo jnf o)

yeC

—2 [ supl(w.p)lolds) =26, [ sup|(o.y)l v (d)
Sn—1yel R™ yeC

where ¢,, is a constant depending only on the dimension, ¢ the normalized Haar

measure on the sphere S"~! and +,, the n-dimensional standard gaussian mea-

sure. Denoting by C* the polar of C' with respect to 0 and by ||| the gauge of

C, we obtain the well known formula

w(C) = 2, /R 2l ym(d) = 2enb(C7).

The euclidean ball BY is the Léwner ellipsoid of C' if and only if B2 is the John
ellipsoid of C* i.e., the ellipsoid of maximal volume contained in C*. Hence, in
order to prove that the regular simplex has minimal mean width, it is enough
to prove that for all convex bodies K whose John ellipsoid is the euclidean ball,
we necessarily have ¢(K) > ¢(T), i.e., the f-norm of K is bounded from below
by the /-norm of the regular simplex T'.

The proof of this inequality will follows closely Keith Ball’s proof in [B1],

where it is shown that for any convex body K there exists an affine image K
of K for which the isoperimetric quotient Vol,_;(0K)/Vol, (K )% is no larger

199
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than the isoperimetric quotient of a regular simplex. Franck Barthe [B] proved a
reversed inequality: among convex bodies whose Lowner ellipsoid is the euclidean
ball the regular simplex has maximal ¢-norm.

2. The Proof

The first ingredient of the proof is a well-known theorem of F. John [J]:

THEOREM 2.1. Let K be a convex body in R™. Then the euclidean ball B is the
John ellipsoid of K if and only if there exist unit vectors u; € 0K, 1 < j <m
and positive numbers c; such that

(i) ZJ 1 G @ u; = idrn and
(ll) E] 1 c] u_] — 0
The second is an inequality due to Brascamp and Lieb [BL]. We state this in-

equality in its normalized form, as it was introduced by Ball in [B2].

THEOREM 2.2. Let u;, 1 < j < m, be a sequence of unit vectors in R™ and c;
positive numbers such that 27:1 cju; @ u; = idgn. Then, for all nonnegative
integrable functions f; : R — R,

/anuna ) d Sﬁ(/fg)

Equality holds if, for example, the f;’s are identical gaussians or the u;’s form
an orthonormal basis.

By John’s theorem there exist unit vectors u; € 0K and positive numbers c;
such that

m m
Z cjuj @ u; = idrn and Z cju; = 0.
j=1 j=1
Putting v; := ( T U W) € R" and d; "Ilcj it is easily checked

that

Z djvj Qu; = idgpn+1 and Z djl}j =—vn+1Pr,4 (1)

j=1 =1

The first identity implies Y d;(z,v;)? = ||z||§ and > d; =n-+ 1.
For oo € R let p be the measure on R with density

\/% exp(atvn + 1 — t2/2).
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Then by (1) we obtain

Yn ®,u(ﬂ[vj < 0]) = //ﬁl(_oqo}((z,vj))’yn(dx) eat‘/m'yl(dt)

m

:/ I(—oo,0)({z,0j))% exp( Zd Z,v5) )
Rn+1
n+1
X (ﬁ) exp ( — aZdj<z, vj>> dz

Jj=1

Putting f(s) =
equality that

\/%6752/27045](_0070](8) we conclude by the Brascamp-Lieb in-

m

%®u<ﬂ[ ) /H (z,v5))

/_f i) = / sy as) "

and equality holds if the vectors v; form an orthonormal basis in R"*! i.e., if
the vectors u; span a regular simplex. Thus, denoting by u , 1 <5 <n + 1,
the contact points of a regular simplex 7" and the euclidean ball and by vj the
corresponding unit vectors in R™*!, the above inequality states that

'yn®u(ﬂ[vjé0])§7n®u<ﬂ[v?§0])~ (2)
On the other hand
ﬂ[vjSO}:{z:(x,t)ER”xR:tEO, xeﬁf(},
where K := () [u; < 1] D K. Hence we get, by Fubini’s theorem,
& ~ 2
Yo ® u(ﬂ [v; < o}) = ﬁ/ o (LK) entVmTImt 2 gy,
0
Now, since K C K, this implies by (2),
i [ () s e [T (1) O an
and therefore

e ) (> o) 2z g [ (e > ) 2
0 0

Multiplying both sides by e=*/2 and integrating over A € R we obtain, by
Fubini’s theorem,

L (> ) de= [T (e > F5) @
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from which we readily deduce that ¢(K) > ¢(T'). More generally we get, for each
non negative function ¢,

e 2
Yo (-l > = /cptf:cefg”/Qd:Edt
| (> ) [ ott=2)
Z/ Yn (||.||T>ﬁ)/(p(t—x)efmzﬂdxdt.
0 R

REMARK. If we restrict the problem to convex and symmetric bodies, then we
get an inequality for the distribution function (see [SS]): For all convex symmetric
bodies B in R™ whose John ellipsoid is the euclidean ball we have, for all £ > 0,

Mlll-lg > 1) Z lll-lloe > 1)-
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Floating Body, Illumination Body,
and Polytopal Approximation

CARSTEN SCHUTT

ABSTRACT. Let K be a convex body in R4 and K its floating bodies. There
is a polytope that satisfies Ky C P, C K and has at most n vertices, where

< o16aVola(K\ K¢)
- t volg(Bg)

Let Kt be the illumination bodies of K and Q. a polytope that contains
K and has at most n (d—1)-dimensional faces. Then

volg(K\ K) < ed* voly(Qn \ K),

where .
n < = volg(K* \ K).

1. Introduction

We investigate the approximation of a convex body K in R? by a polytope. We
measure the approximation by the symmetric difference metric. The symmetric
difference metric between two convex bodies K and C'is

ds(C, K) = voly((C\ K) U (K \ O)).

We study in particular two questions: How well can a convex body K be ap-
proximated by a polytope P, that is contained in K and has at most n vertices
and how well can K be approximated by a polytope @,, that contains K and has
at most n (d—1)-dimensional faces. Macbeath [Mac| showed that the Euclidean
Ball B{ is an extremal case: The approximation for any other convex body is
better. We have for the Euclidean ball

¢1 dvolg(BYn~ 77 < dg(P,, BY) < ¢5 dvolg(Bd)n~ 1, (1.1)
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provided that n > (¢3 d)(~Y/2. The right hand inequality was first established
by Bronshtein and Ivanov [BI] and Dudley [D1,Ds]. Gordon, Meyer, and Reisner
[GMR;,GMR3] gave a constructive proof for the same inequality. Miiller [Mii]
showed that random approximation gives the same estimate. Gordon, Reisner,
and Schiitt [GRS] established the left hand inequality. Gruber [Grz] obtained
an asymptotic formula. If a convex body K in R? has a C%-boundary with
everywhere positive curvature, then

inf {ds(K,P,) | P, C K and P, has at most n vertices}

is asymptotically the same as

d+1

dackes ([ sy au) " (3) -

where dely_1 is a constant that is connected with Delone triangulations. In this
paper we are not concerned with asymptotic estimates, but with uniform.

Int(M) denotes the interior of a set M. H(x,&) denotes the hyperplane that
contains z and is orthogonal to £. H(x,€) denotes the halfspace that contains
the vector x — &, and H ™ (z,€) the halfspace containing x + &. e;,i = 1,...,d
denotes the unit vector basis in R?. [A, B] is the convex hull of the sets A and
B. The convex floating body K; of a convex body K is the intersection of all
halfspaces whose defining hyperplanes cut off a set of volume ¢ from K.

The illumination body K* of a convex body K is [W]

{z e R? | voly([z, K]\ K) <t}

K is a convex body. It is enough to show this for polytopes. Let F; denote the
faces of a polytope P, £; the outer normal and z; an element of F;. Then

volg([z, P] \ P) Z max{0, (§;, x — x;) } volg_1(F}).
The right-hand side is a convex function.

2. The Floating Body

THEOREM 2.1. Let K be a convex body in R Then, for every t satisfying
0 <t < fe®voly(K), there exist n € N with

ol6d volg(K \ Ky)
B t VOld(Bg)

and a polytope P, that has n vertices and such that

Ki;CcP,CK.
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We want to see what kind of asymptotic estimate we get for bodies with smooth
boundary from Theorem 2.1. We have [SW]

2 1 d+1 d+1 / 1
LW (K\K)) ~td+tt - | ——4m8M8 a+1 d
volg (K \ Kt) 9 (voldl(Bgl)) ok k() ()

~ td%rld/ /{(m)ﬁ du(z).
oK

Since
1
n~d? n volg(K \ K3),
we get
2
al at1 1
volyg(K \ Ky) ~d <d2n volg(K \ Kt)> / k(z) T dp(x),
OK
volg(K \ K;) T ~ d2n*%+1/ K(2) T dp(z).
oK
Thus we get

voly(K \ ) < vola(K \ Ky) ~ d?n~ 2T (/a w(@)Th du(a:)>

K

When K is the Euclidean ball we get
volg(B4\ P,) < ed®n™ 77 voly(BY),

where ¢ is an absolute constant. If one compares this to the optimal result (1.1)
one sees that there is an additional factor d.

The volume difference vol;(P)—voly(P;) for a polytope P is of a much smaller
order than for a convex body with smooth boundary. In fact, we have [S] that it
is of the order ¢|Int|9~1. In [S] this has been used to get estimates for approxi-
mation of convex bodies by polytopes.

The same result as in Theorem 2.1 holds if we fix the number of (d-1)-
dimensional faces instead of the number of vertices. This follows from the same
proof as for Theorem 2.1 and also from the economic cap covering for floating
bodies [BL, Theorem 6]. I. Bardny showed us a proof for Theorem 2.1 using the
economic cap covering. The constants are not as good as in Theorem 2.1.

The following lemmata are not new. They have usually been formulated for
symmetric, convex bodies [B,H,MP]. Lemma 2.2 is due to Griinbaum [Grii].

LEMMA 2.2. Let K be a convex body in R and let H(cg(K), &) be the hyperplane
passing through the center of gravity cg(K) of K and being orthogonal to §. Then
we have, for all £ € OBY:

(i) (1- ﬁ)dvold(K) <volg(KNHY(cg(K), &) <(1—(1- ﬁ)d) volg(K).



206 CARSTEN SCHUTT

(ii) For all hyperplanes H in R? that are parallel to H(cg(K),§),

d—1
(1 - %ﬂ) voly_1(K N H) < voly_1(K N H(cg(K), ).

The sequence (1 — dT—l) , d = 2,3,... is monotonely decreasmg Indeed, by
Bernoulli’s inequahty we have 1 — 1 < (1 - d—z)d, or Q < (d )%, Therefore
we get (797)4< (451)47!, which 1mphes (1—- 7)< (1 — 1yd-1,

Therefore we get for the inequalities (i)

% volg(K) < volg(K N H* (cg(K),€)) < (1 — é) volg(K). (2.1)

By the preceding calculations, (1 + %)d is a monotonely increasing sequence.
Thus (1+ 3)%"! <e. For (ii) we get

volg_1 (KN H) <evolg_1 (KN H(cg(K),E)). (2.2)

PRrROOF. (i) We can reduce the inequality to the case that K is a cone with a
Euclidean ball of dimension d — 1 as base. To see this we perform a Schwarz
symmetrization parallel to H(cg(K),£) and denote the symmetrized body by
S(K). The Schwarz symmetrization replaces a section parallel to H(cg(K),§)
by a (d—1)-dimensional Euclidean sphere of the same (d—1)-dimensional volume.
This does not change the volume of K and K N H* (cg(K),£) and the center of
gravity cg(K) is still an element of H(cg(K),&). Now we consider the cone

[z, S(K) N H(cg(K), )]
such that
vola([z, S(K) N H(cg(K),§)]) = vola(K N H™ (cg(K),§))

and such that z lies on the axis of symmetry of S(K) and in H™ (cg(K),§). See
Figure 1.
The set

K = (KN H*(cg(K),£)) Uz, S(K) N H(cg(K),€)]

is a convex set such that voly(K) = volg(K) and such that the center of gravity
cg(K) of K is contained in [z, S(K) N H(cg(K),€)]. Thus

volg(K N HF (cg(K),£)) > volg(K N H (cg(K),€)) = volg(K N HY (cg(K), €)).

We apply a similar argument to the set S(K) N H™*(cg(K), ) and show that we
may assume that S(K) is a cone with z as its vertex. Thus we may assume that

K=1[(0,...,0,1), {(z1,...,24-1,0) | 0"} &5|> <1}] and €=1(0,...,0,1).

1 _
volg(K) = 8vold,1(B§l h
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H(cg(K), )

Figure 1.

and

1 1 1 1
. — drg = d tlftd4dh:d/ 1—98)s% lds= ——.
volg(K) /sz td /0 ( ) 0 ( 5)s 5 d+1

‘We obtain

1 d
mMKﬂHT@m%mW,QU%:O—EIﬁ vola(K).

(ii) Let H be a hyperplane parallel to H (cg(K), &) and such that voly—1 (KNH) >
volg—1 (K N H(cg(K),£)). Otherwise there is nothing to prove. We apply a
Schwarz symmetrization parallel to H(cg(K),&) to K. The symmetrized body
is denoted by S(K). Let z be the element of the axis of symmetry of S(K) such
that

[2, S(K) N H] N H(cg(K),§) = S(K) N H(cg(K),$).

Since volg—1(K N H) > volg—1(K N H(cg(K),§)) there is such a z. We may
assume that H¥ (cg(K), &) is the half-space containing z. Then

[z, S(K) N H] N H™ (cg(K),§) € S(K) N H™ (cg(K),$),
[z, S(K) N H] N H* (eg(K),€) D S(K) N H (cg(K),§).

Therefore

cg(lz, S(K) N H]) € H (cg(K), ).



208 CARSTEN SCHUTT

Therefore, if h., denotes the distance of z to H(cg(K),§) and h the distance of
z to H, we get as in the proof of (i) that

hey > h(l - ﬁ)
Thus we get
volg—1 (K N H(cg(K),§)) = volg—1(S(K) N H(cg(K), <))
> (1- ﬁ)d—l volg_1(S(K) N H)
=(1- ﬁ)dflvold_l(fmﬂ). O

LEMMA 2.3. Let K be a conver body in R? and let ©(€) be the infimum of all
positive numbers t such that

volg—1 (K N H(cg(K),£&)) > e volg_1 (K N H(cg(K) +t&,€)).

Then

%VOld(K) < O(¢) volg_1 (KN H(cg(K),§)) < e volg(K).

PROOF. The right hand inequality follows from Fubini’s theorem and Brunn—
Minkowski’s theorem. Now we verify the left hand inequality. We consider first
the case in which, for all ¢ such that ¢ > ©(¢),

KNH(cg(K)+1t,§) =02.

Then, by (2.1) and (2.2),

éVOld(K) < volg(K N H* (cg(K),£))

9(8)
= /o volg_1 (KN H(cg(K) +t&,€))dt
<e O() voly_1 (K NH(cg(K),E)).

If, for some ¢ such that ¢t > (&), we have K N H(cg(K) + t&, &) # &, then, by
continuity,

volg—1 (K N H(cg(K),§&)) = e volg_1(K N H(cg(K) + O(£)E,€)).

We perform a Schwarz symmetrization parallel to H(cg(K),&). We consider the
cone

[2, S(K) N H(cg(K), €)]

such that z is an element of the axis of symmetry of S(K) and such that

[2, S(K) N H(cg(K), )] N H(cg(K) +O(£)§, &) = S(K) N H(cg(K) + O()E, €).
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L H(cg(K).¢)

cg(K) + O(§)¢, )

Figure 2.

Let Ht(cg(K),€) and HT (cg(K)+0(£)E, €) be the half-spaces that contain z.
Then, by convexity,

[2, S(K) N H(cg(K),&)] N H (cg(K) +O(£)§,€)
D S(K) N H (cg(K) +O(8E,€). (23)
We get by (2.1)
% volg(K) < volg(K N H* (cg(K),€))
=volg(K N H*(cg(K),&) N H™ (cg(K) + O(£),£))
+volg(K N H* (cg(K) + O(§)§,€))
= volg(S(K) N H* (cg(K),&) N H (cg(K) + O(£)§,€))
+vola(S(K) N H (cg(K) +O(£)E,€))-
By the hypothesis of the lemma we have, for all s with 0 < s < ©(¢),
volg_1 (K N H(cg(K),€)) < e vola_y (K N H(cg(K) + s£,£)).

Using this and (2.2) we estimate the first summand. The second summand is
estimated by using (2.3). Thus the above expression is not greater than

e? vola([z, S(K) N H(cg(K),&)] N H™ (cg(K) + O(£)&, £))
+vola([z, S(K) N H(eg(K),§)] N H (cg(K) + O(£)E, €)).
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This is the volume of a cone with the base S(K)NH (cg(K),§). By an elementary
computation for the volume of a cone we get that the latter expression is smaller
than

2¢” volg([z, S(K) N H(cg(K), )] N H™ (cg(K) + O(£)€, €)).

Since in a cone the base has the greatest surface area, the above expression is
smaller than

2e20(€) volg_1 (K N H(cg(K),&)). O

LEMMA 2.4. Let K be a convex body in R%. Then there is a linear transform T
with det(T) = 1 so that, for all £ € OBY,

d
1
xz,& QdiL'Z*/ z,e;)|? du.
L fwerar= [ 3w

We say that a convex body is in an isotropic position if the linear transform T
in Lemma 2.4 can be chosen to be the identity. See [B,H].

ProoFr. We claim that there is a orthogonal transform U such that, for all
i,j=1,...,d with i # 7,

/ (x,e;)(z,e;)dr =0.
U(K)

Clearly, the matrix
d

</K<x,ei><x,ej>dx>i »

is symmetric. Therefore there is an orthogonal d x d-matrix U so that

d

U</ (x,ei><z,ej>d:c> Ut
K ij=1
is a diagonal matrix. We have

d d d

U</ <93,€i><51776j>dx> Ut = </ > il e) (@, eg)un, dfﬂ)
K ij=1 K =1 1k=1
d
= </ (x, U (e))) (@, Ut (er)) dx)
K 1Lk=1

=(/ <y,el><y,ek>dy> .
U(K) I,k=1

So the latter matrix is a diagonal matrix. All the diagonal elements are strictly
positive. This argument is repeated with a diagonal matrix so that the diagonal
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elements turn out to be equal. Therefore there is a matrix 7" with detT = 1
such that

ifi # j,

x,e;)(z,e;) dr =
/T(K)< @) / lee] VWode ifi=j.

T(K) j=1
From this the lemma follows. O

LEMMA 2.5. Let K be a convex body in R? that is in an isotropic position and
whose center of gravity is at the origin. Then, for all £ € OB,

1
mvold(K) <volg_1(K N H(cg(K / g (x,ei)|* dx
e
<6 e vold(K)3.

PROOF. By Lemma 2.4 we have, for all ¢ € 9BY,

l - |2 €r = x 2 X
i 2w erar= [ jop i

By Fubini’s theorem, this equals

o0 (&)
/ t? volg_1(K N H(t&, €)) dt > / t? volg_1 (K N H(t,€)) dt
0

— 00

where O(€) is as defined in Lemma 2.3. By the definition of ©(§) the above
expression is greater than

1 o(¢) 1
- vola_1 (K N H(cg(K),g))/O t2dt > 3 ©(£)? vola—1 (K N H(cg(K),£)).

By Lemma 2.3 this is greater than

1 VOld(K)3
24e10 volg_1 (K N H(cg(K),§))? "

Now we show the right hand inequality. By Lemma 2.4 we have

1 ¢ 2 o 2 _ > 2
d/}(;@,em dx_/K|<x,§>\ dx—/_oot volg_1 (K N H(tE,€)) dt

o) o0
:/ 12 vold,l(KmH(tg,g))dH/ % volg_1 (K N H(t&,£)) dt
0 ()
0 e(=¢)
+/ #2 vold_l(KmH(tg,f))dtJr/ t? volg_1 (K N H(tE,€)) dt

o(-¢) —0o0
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By (2.2) this is not greater than

g 0(&)3voly_1 (K N H(cg(K),£)) + / t2 voly_1 (K N H(t€,€))dt
o(€)
e e(-¢)
+ 5 OO volia (K NH(eg(K).0)+ [ # volaa(K NH(6.)dt.

The integrals can be estimated by
2 0(¢)*volg_1(K N H(cg(K),€)) and 2 O(—=£)* volg_1 (K N H(cg(K),£)),

respectively. We treat here only the case &; the case —¢ is treated in the same
way. If the integral equals 0, there is nothing to show. If the integral does not
equal 0, we have

volg—1 (K N H(cg(K),§&)) = e volg_1(K N H(cg(K) + O(£)E,€)).

We consider the Schwarz symmetrization S(K) of K with respect to the plane
H(cg(K),£). We consider the cone C that is generated by the Euclidean spheres
S(K) N H(cg(K),§) and S(K) N H(cg(K) + O(£)E,€). We

S(E) N H(eg(K) +0(§)E,€) € C

and the height of C equals
o)

— )
1—e @1

Since (14 15)?"! < e, we have 1 — e T > 1. Thus the height of the cone C

is less than d ©(§). Thus, for all ¢ with ©(¢) <t < d 6(¢),

d—1
volg_1 (K N H(cg(K) + t€,€)) < (1 - #@Q volg—1 (K N H(cg(K),E)).

Now we get

/oo t2 voly_1 (K N H(t¢,€)) dt
o)

d ©(8) +
2 — —— )4yl
< /@(5) = (1 d@(f)) oly—1 (KN H(cg(K),E))dt

1
< voly_1 (K 1 H(eg(K), £))(d ©(€))? / 2(1 - 5)t L ds

2

= vola-1 (K N H(eg(K),)(d 0 gy a5

< 2 volg_1 (K N H(cg(K),€))O(€).

Therefore

d
7] Y lmen e < (§+2) O + O(-6)) vola-a (K N H(eg(K). ).
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Now we apply Lemma 2.3 and get

e 3 volg(K)?

2(§ +2)e volg_1(K N H(cg(K),§))?

O

LEMMA 2.6. Let K be a convex body in R? such that the origin is an element
of K. Then

d+2

d 2
%/ > e dao > d‘:fQ volg_1(0BY) ™ voly(K) T .
K i=1

PROOF. Let (&) be the distance of the origin to the boundary of K in direction
&. By passing to spherical coordinates we get

LS eppar=L [ [ o 1 (4
- T, e; dx:f/ / P dpd{zi/ r(& d¢
d/[(; d Joapg Jo d(d+2) Jopy

By Holder’s inequality, this expression is greater than
2

VOldfl ((9B‘2i) 1 d
d(d + 2) <V01d1(aBg) /aBg r(¢) d5>
dad di2

=0 volg_1(0BS) " voly(K) ™« . O

The following lemma can be found in [MP]. It is formulated there for the case

d+2
d

of symmetric convex bodies.

LEMMA 2.7. Let K be a convex body in R?® such that the origin coincides with
the center of gravity of K and such that K is in an isotropic position. Then

1
BQd(Cg(K), T — VOld(K)d) - Kﬁ volg(K)*

An affine transform can put a convex body into this position.
PROOF. As in Lemma 2.3, let ©(¢) be the infimum of all numbers ¢ such that
volg—1(K N H(cg(K),§)) > e volg—1 (K N H(cg(K) +t&,£)).

By Lemma 2.3,
1 Vold(K)
o) = 2¢3 volg_1 (K N H(cg(K), €)'

By Lemma 2.5 we get

1 11 d ) :
@(5) > 263\/66% (VOId(K)d/]{Z:21|<x7el>| dx) .

We have
’]'['% < ﬂ(dil)/2(2€)%

rg+1)~ s ’

volg(BY) =
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and thus
2
volg(BY)# < %.
Therefore, by Lemma 2.6,

1 di volg(K) )5 1 N
(C) > - > ——— volg(K)4.
€)= 2e3v/6e2 \/d + 2 <vold1(aBg) ~ 12651 vola(K)

On the other hand,

o(§)

vola(K N H™ (cg(K) + 10(€)€,€)) > / volg_1 (K N H(cg(K) + t£,€)) dt,

1
36(

where H~ (cg(K)+ 30(£)E, €) is the half-space not containing the origin. By the
definition of ©(&) this expression is greater than

% VOld_l(K N H(CQ(K)7§))

By Lemma 2.3 we get that this is greater than

1
@ VOld(K).

Therefore, every hyperplane that has distance

1 1
15 77 VOl

from the center of gravity cuts off a set of volume greater than 1 volg(K). O

PrOOF OF THEOREM 2.1. We are choosing the vertices z1,...,x, € 0K of the
polytope P,. N(zy) denotes the normal to K at xj. x; is chosen arbitrarily.
Having chosen z1,...,x;_1 we choose zj such that

{J]l, e ,l‘k,l} n Int(K N H_(.'L‘k - AkN(l‘k), N(a:k)) =,
where Ay is determined by
VOld(K n H_({Ek — AkN({Ek), N(.’Ek))) =t.

If the normal at xj is not unique it suffices that just one of the normals satisfies
the condition. It could be that the hyperplane H(xy — AN (xg), N(xy)) is not
tangential to the floating body K, but this does not affect the computation. We
claim that this process terminates for some n with

o164 volg(K \ Ky)

B t VOld(Bg) ’ (24)

This claim proves the theorem: If we cannot choose another z,1, then there
is no cap of volume ¢ that does not contain an element of the polytope P, =
[1,...,2,]. By the theorem of Hahn—Banach we get K; C F,. We show now
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Figure 3.

the claim. We assume that we manage to choose points z1,...,z, where n is to
big that (2.4) does not hold. We put

Sp=KNH (z, — ApN(zp), N(x,)) (2.5)

Sk =Kn ( M H*(2; — AN (z), N(zm) N H™ (2, — AN (), N(2)

fork=1,...,n—1. For k # [, we have
VOld(S}C n Sl) =0.

Let k <l < n. Then

n

Sp,NS, =KnN < m H+($i—AZ‘N(.’Ei>, N(.’EJ)) NH™ ($k—AkN($k), N(a:k))
i=k+1

NKN ( ﬂ H+(.’131‘—AiN(JZi),N(xi))> ﬂH_(xl—AlN(xl),N(xl))
i=l+1

C H* (21— N (1), N(2)) VH™ (21— AyN (1), N (1))

= H(SL’l—AlN(il),N(itl)).

Thus we have

VOld(Sk n Sl) < VOld(H(il — AZN(:CZ),N({L‘I))) =0. (26)
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The case k <[ = n is shown in the same way. We have, for k=1,...,n—1,

Sp=Kn ( (| H (i AiN(xi),N(a:i))> NH™ (zx — ApN(z1), N(zp))
i=k+1

D) [:L‘k, Kt] NH™ (-Tk — AkN(-Tk)7 N(xkr))
S [k, (K NVH (2 — AN (w1), N(@e))) NV H (2 — AN (z1), N(2)),

where Ay, is determined by
volg(K N H™ (z, — AN (zy), N(x1))) = 4e't.
By Lemma 2.7 there is an ellipsoid £ contained in
(K NH™ (z), — ApN(zy), N(z1))):
whose center is ¢g(K N H™ (z, — ApN(zx), N(xx))) and that has volume

4et d
VOld(g) = W t VOld(BQ)
Since (KN H ™ (z, — ApN(x1), N(z1))): is contained in Ky, £ is contained in K.
Thus
Sk D [k, E] N H™ (z, — AN (z1), N(21)).

We claim now that [z, £] N H™ (x — AN (z1), N(xy)) contains an ellipsoid £
such that

~ 4e* 1 d
VOld(g) = (24€5ﬁ)d (465)d t VOld(BQ)7
and consequently
4et 1 d 4et d
volg(Sk) > 5165 /) (4e)? t volyg(BS) = (96c10 /7)1 t volg(BS).  (2.7)

For this we have to see that Ay, < 45 Ay By the assumption ¢ < ie"r’ voly(K)
we get

volg(K N H™ (z, — ApN(z1), N(z1))) < % volg(K).

Therefore, by (2.1), cg(K) € H(x, — ApN(x), N(z1)). We consider two cases.
If

volg_1 (K N H(x, — ApN(zp), N(z1))) < volg_1 (K N H(zy, — AN (z1), N(x1))),

the theorem of Brunn—Minkowski implies that, for all s in the range A, < s <
Ay, we have

volg_1(K N H(cg(K),N(x))) < volg_1 (K N H(xp — ApN (), N(zy)))
<volg_1 (K N H(zy — sN(x), N(z))). (2.8)
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We get, by (2.2),

t

Ak 2 o (K N Hcg(K), Nan)))

By (2.8),

(A, — Ag) voly—1 (KN H(cg(K), N(xy)))
< VOld(KﬂH_ (l‘k—AkN(J?k), N(l‘k))) —VOld(KﬂH_ (l‘k—AkN(J?k), N(l‘k)))

This implies

. (de* — 1)t
Ay — A, < .
TR = Soly1 (K N H(cg(K), N(z1)))
Therefore
- (4e* — 1)t 5
AL < + AL <4’ A
B = Soly (K N H(cg(K), N(zy))) %= 4§
If

VOldfl(K N H(.Tk — AkN(l'k), N(!L‘k))) < VOldfl(K n H(xk - AkN(xk)7 N(.%'k)))7

the theorem of Brunn—Minkowski implies that, for all v in the range 0 < u < Ag,
and all s in the range Ay < s < Ag, we have

volg_1 (K N H(xx — uN(zx), N(x))) < voly—1 (K N H(xx — ApgN(xk), N(zk)))
<volg_1(K N H(zy — sN(xg), N(zr))).
We get

A > !
P = Volg_1 (K N H(z, — AN (ax), N(2)))

and
(4et — 1)t
volg_1 (K N H(xy, — AN (z1), N(x1)))”

Ay —Ag <

Therefore

(4et — 1)t

Bk S TR 0 Hwg = ApN(an), N(@n)

+ A, < 4€4A;€.

We have verified (2.7). From (2.6) and (2.7) we get

n n 464 p
volg(K \ K}) > vold(kL:Jl Sy) = ];vold(sk) > N ioge0 7y ¢ voly(BY).

Thus we get the desired equation (2.4):

volg(K \ K;) > e 1%n t voly(BY). O
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3. The Illumination Body

THEOREM 3.1. Let K be a convex body in R? such that
1
;Bg C K C cuBg.
1

Let 0 <t < (5erca) @t voly(K) and let n € N be such that

128
128 a-vyje o o
(=) == 59 edt

volg(K'\ K).

Then we have, for every polytope P, that contains K and has at most n (d—1)-
dimensional faces,

volg(K*\ K) < 107 d?(c1c2)*t 77 volg(P, \ K).
We want to see what this result means for bodies with a smooth boundary. We

have the asymptotic formula [W]

2

ty _ d+1
fag Y20 — vola(K) _ 1 ( A > | sty duo).
=0 (T 2 \voly_1(BS™H) oK

Thus

volg(K") — volg(K) ~ taid /@(x)ﬁ du(x).
OK

And by the theorem we have
71 vol (Kt \ K)
n ‘ Olg .

Thus

1

volg(K*) — volg(K) ~ d<$ volg(K*'\ K)) o /31( k(x) T du(z),

or

By Theorem 3.1 we now get

vola(Pu \ K) > é(i) trai (%) o (/aK () T du(x)> o

By a theorem of F. John [J] we have ¢icp < d.
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The following lemma is due to Bronshtein and Ivanov [BI] and Dudley [Dy,
Ds]. Tt can also be found in [GRS].

LEMMA 3.2. For all dimensions d, d > 2, and all natural numbers n, n > 2d,

there is a polytope Q., that has n vertices and is contained in the Euclidean ball
B¢ such that

volg_1(0BY) ﬁn_%
)

volg_1 (B4 o

(QmBQ) 7 <

We have

vl

m
L%t +1)
L(§+1)
Since d71 <4 and (1 —#)? > 1 —dt, (3.1) yields

du(B3,Qn) < — (M) < 7wn‘ﬁ. (3.2)

voly_1(0BY) = d volg(BY) = d

= dyr—2—volg_1(BI™") < dyx volg_1(BI™H).  (3.1)

-7 n
PrOOF OF THEOREM 3.1. We denote the (d — 1)-dimensional faces of P, by F;,
for i = 1,...,n, and the cones generated by the origin and a face F; by C;, for
i=1,...,n. Take z; € F; and let §;, with ||&;||2 = 1, be orthogonal to F; and
pointing to the outside of P,,. Then H(z;,¢&;) is the hyperplane containing F;
and H™T(x;,&;) the halfspace containing P,,. See Figure 4.

We may assume that the hyperplanes H(z;,&;), ¢ = 1,...,n, are supporting
hyperplanes of K. Otherwise we can choose a polytope of lesser volume. Let A;
be the height of the set

Kin H_(aci,fi) NGC;,
that is, the smallest number s such that
Kt n Hi(l'z,fl) N Cz C H+($Z -+ sz,gz)

Let z; be a point in 0K* N C; where the height A, is attained. We may assume
that B§ C K C cBY where ¢ = cjca. Also we may assume that

P, C 2¢BS (3.3)

if we allow twice as many faces. This follows from (3.2): There is a polytope
Qy, such that $BY C Q, C B§ and the number of vertices k is smaller than
(%w)(d_l)/? Thus Q; satisfies B§ C Q; C 2B¢ and has at most (%77)(‘1_1)/2
(d—1)-dimensional faces. As the new polytope P, we choose the intersection
of cQ)j with the original polytope F,. Since we have by assumption that n is
greater than (128 )(d 1/2 the new polytope has at most

1 t
o Vola(K*\ K). (3.4)
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Zi

H(xs, &)

K

Figure 4.

(d — 1)-dimensional faces.
We show first that for ¢ with 0 < ¢ < (5¢d) =4~ voly(K) and all4,i =1,...,n
we have

1
A; < P (3.5)

Assume that there is a face F; with A; > é. Consider the smallest infinite
cone D; having z; as vertex and containing K. Since H(x;,§;) is a supporting
hyperplane to K and K C ¢ B we have

K CDiNH" (2;,&) N H™ (2 — 2¢&,&)

and
Di N H_((Elag) = [ZZ7K] N H_(‘/L'Zag)
We have

t= VOld([Zi,K] \K) Z VOld([Zi,K] N H_(Ilil,gz)) = VOld(Di n H_(ifl,fl)) =

1 1
&Az VOld_l(Di n H(I’Z,fl)) > ﬁ VOld_l(Di n H(ZL’Z, gz))

Thus
volg_1(D; N H(xy,&)) < d?t (3.6)
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Since (3.5) does not hold we have

2c + A,
A

< (2ed + 1) volg_1(D; N H(z4,&)).

VOld_l(Di n H(ZL’Z — 2051‘, 51)) = ( )dil VOld_l(Di n H(IL’“ 51))

By (3.6) we get
volg_1(D; N H(x; —2c&;,&)) < (2ed + 1) d%*t < (3ed)?d>t.

Thus
volg(K) < volg(D; N H* (23, &) N H ™ (z; — 2¢€;,&))

< 2¢(3ed)1d*t < (3ed)PH M,

and we conclude that
t > (3cd) =4 voly(K).

This is a contradiction to the assumption on ¢ in the hypothesis of the theorem.
Thus we have shown (3.5). We consider now two cases: All those heights A; that
are smaller than 2dt/volg_1 (F;) and those that are greater. We may assume that
A;, i =1,...,k are smaller than 2dt/voly_1(F;) and A;, i = k+1,...,n are
strictly greater. We have

A
volg((K*\ P,) N Cy) :/ volg_1((K*\ P,) N Cy N H(x; + 5£;,&;)) ds
0
Since B ¢ K C P, we get
A
volg((K*"\ P,)NC;) < / volg_ 1(F)(1+s)d Lds < A1+ A4 V4= volg_1 (F).
0
y (3.5) we get
1 d—1
VOld((Kt \ Pn) N Cz) < Az (]. + E) VOldfl(Fi).
Fori=1,...,k we get

volg((K"\ P,) N C;) <

2dt 1y d-1
vl \! T Lic1 (Fy) < 2edt.
V01d71(Fi)( + d) volg—1(F;) < 2edt

Thus i
vold< K'\ P,)N U > < 2kedt < 2nedt.
=1

By (3.4) we get

k
volg ((Kt\Pn)ﬂ UC,») < $volg(K'\ K). (3.7)
Now we consider the other faces. For i = k+1,...,n, we have
2dt
N> —. (3.8)

= VOldfl(Fi)
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We show that, for ¢ = k+1,...,n, we have
5¢ voly—_1(F;) T
A; <bc| ———"F— . 3.9
=0 ( 2d voly(K) (39)
Suppose that there is a face F; so that (3.9) does not hold. Then

t= VOld([Zi,K] \K) Z VOld([Zi,K] ﬁH_(QIJZ,gZ)) = %Vold,l([zi,K]ﬁH(xi,fi)).

Therefore we get, by (3.8),

dt

volg—1([zi, K] N H(x;,&;)) < A <

VOld_l(Fi). (310)

| =

Since K C BY we have
K C Dl N HJF(ZL'Z,EZ) N Hi(ﬂfl — 2051,51)

Thus
VOld(K) S VOld(Di N H_ (l‘i — QCfi, gz))
The cone D; N H™ (z; — 2¢€;, &;) has a height equal to 2¢ + A;. Therefore

voly(K) < = (2 + &) (T

By (3.5) we have A; < 1. Therefore we get

d—1
) VOld_l(Dz' ﬂH(QS“&))

d—1
volg(K) < %(%) volg—1(D; N H(z:,&;))
3¢ [ 3¢\t
=2(2) volaoa(la K]0 H(i, 60).
By (3.10) we get
3¢ (3c\4!
voly(K) < 2d (K) volg—1(F}),

which implies (3.9).
Let y; be the unique point
Yi = [0, 2] N H (z4,&).

We want to make sure that y; € F; N[z;, K|. This holds since z; € C;NH (x4, &;)
and A; > 0. Since y; € F; we have

voly_1(B31 _
St ) [ o duta),
vold_2(3B2 ) aBi—!

where 7(n) is the distance of y; to the boundary dF; in direction 7, n € BI !,
and, since y; € F; N [z, K|, we have

V01d71 (Fz) =

VOld—l(Bg_l)/ d—1
li1(F; N [z, K]) = — 22 i dp(n),
volg—1(Fi N [z, K)) o8B ) 835710(77) ()
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where p;(n) is the distance of y; to the boundary 9(F; N [z;, K]). Consider the
set

Ai={n| (1= FH)ri(n) <pi(n) }-
We show that

1 _ (Bdfl)
1 oly— FZ <M‘/ i d=1_ i d_ld 3.11
2 volg_1( )*vold_g(aBg—l) . (n) pi(n)* " du(n) (3.11)
We have
volg_1 (B

voly_o(9BI 1) /A ri(m) ™t = pa() ™ dp(n)

VOld—l(BQd_l) ) -1 1\d—1
= W /Ai ()1 = (1 41d)d ) dp(n)

1 volg_1 (B3
< M/ ri(m) " dpu(n) < g vola—i (F).

i

4 VOld_Q (3B§l_1)
Therefore
VOld_ 1 (Bg_l)

voly_»(0BI ) / ri(m) @t = pi(n) ™ dp(n)

volg_1 (B

d—1 d—1
T A od—is i — Pi d
% voly 2 (0B ) /8 it ri (1) pi(n)*~ " dp(n)

volg_1(B4™1)

 voly_»(0BI™) /A ri(m) ™ = pi () du(n)

> VO]d_l(Fi) — VOld_l(Fl‘ N [Z“K]) — iVOld_l(FZ‘).

By (3.10) this is greater than 1 volg_1(F;). This implies

1, Bd—l
Lyoly_y(Fy) < Vodl—(2di1)
volg_2(0B5 ™)

Thus we have established (3.11).
We shall show that

volg((K*\ P,) N C;) < 10° ed?c>T 7T voly((P, \ K) N Cy). (3.12)

[t = ) duto)

i

We have
volg(DS N HT (24, &) N C;) < volg((P, \ K)NC;).

Compare Figure 5. Therefore, if we want to verify (3.12) it is enough to show
that

volg((K'\ P,) N Cy) < 108 ed?c> a7 voly(DS N H (w1, &) N Cy).

We may assume that y; and z; are orthogonal to H(z;,&;). This is accomplished
by a linear, volume preserving map: Any vector orthogonal to §; is mapped onto
itself and y; is mapped to (&, y;)&;. See Figure 6.
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Zi

yi +ri(nm)n

Figure 5.

zZi

oyt
yApmm v+ i ()

Figure 6.
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Let w;(n) € D¢ N HY(2;,&) N C; such that w;(n) is an element of the 2-
dimensional subspace containing 0, y;, and y; + 7. Let 6;(n) be the distance of
w;(n) to the plane H(x;,&;). Then

1 voly_1 (B~ ") / -1 d—1
o T — Pi di(n)d
dvoly »(0BT ) Ag( (n) pi(m)")di(n) dpu(n)
< VOld(.DZ-c N H+({E2,&) n CZ)
Thus, in order to verify (3.12), it suffices to show that

VOld((Kt \ Pn) n CZ)
1 volg_1(B3 ")

<100 ed?PtaT - 4=l P2 )
- dvoly_o(0BI™)

[ = i) o). (313

In order to do this we shall show that for all i = k+1,...,n and all n € A{ there
is w;(n) such that the distance §;(n) of w; from H(x;,&;) satisfies

A 32dc if0<a; <7,
: { =~ (3.14)
— dc? [ 5c volg_1(F;) | -1 Yy s :
0 e ( S vl (1) ) ifi<ai<y
The angles «;(n) and §;(n) are given in Figure 6. We have for all n € A¢
sin(a;) sin(G;
5; =(r; — py)Snle) sin(f)
sin(m — a; — ;) (3.15)
A; =p; tan ay,
with 0 < oy, 8; < g Thus we get
Ai __pi sin(r — a; — ;) < pi
8 — ri—pi cos(ag)sin(B;) — (r; — p;) cos(ay) sin(B;)
By (3.11) we have p; < (1 — 45)r;. Therefore
A; 4d
=t e
6; — cos(ay)sin(5;)

Since Bg CKCP, C2 Bg we have tan 3; > 4%: Here we have to take into
account that we applied a transform to K mapping y; to (&;,y;)§;. That leaves
the distance of F; to the origin unchanged and r;(n) is less than 4c. If §; > 1
we have sin 3; > % If 8; < 7 then 4% < tanpf; = sinfi <\ /2sin Bi. Therefore

cos 3
we get
& < 1642 dc
8; — cosoy
Therefore we get, for all 0 < o; < 7,
20 < 324



226 CARSTEN SCHUTT
By (3.9) and (3.15) we get

A < 1 Sin(ﬂ'—ai—ﬁi)5 5¢ voly_1(Fy) =T
d; — 1 — pi sin(ay)sin(G;) 2d voly(K)

We proceed as in the estimate above and obtain

Ai _16V2de e (e vola () T
6 — 1 sin(ay) \ 2d voly(K) '

Thus we get for T < a; <

jus
4 2

& < 32 de 5¢ volg—1(F}) T
6 — 2d VOld(K)
We verify now (3.13). By the definition of A; we get

T

volas(BS™) [ an i
Maég—g@“‘*“ pi(m)*~)di(n) dp(n)

1 vold,l(Bg_l) / d—1
> (11— 8 ) ——————— i 0; d .
( ¢ )V01d72(332d—1) A rilm) wl)

We get by (3.14) that the last expression is greater than

1 volg_1(B§)
320dc ™" voly_o(OBI™)

1
B 1 ( 2d voly(K) \ 77
d—1 d d
7 d — [ —= “du |.
X (/ Af i pot 5c (50 VOld_l(Fi)> /A? "i M>

i
a; < ;>

By (3.11) we get that either

(B [
volg_o(dBI™YY J a5 °

e

d,u Z é VOld_l(Fi)

17\'
i<

or
volg_1(BS™1) / -1
AS

dp > 1 voly_1(Fy).
vold_2(8Bg_1) ¢ o= 8 d 1( )

a1>%

In the first case we get for the above estimate

A
voly_»(dBI~T) /A (ri(m = = pi(m)*= )8 (n) dpa(m)

A, 1
> d L 1 (F) > ——
Z 2560dc VO 2 50

The last inequality is obtained by using (3.5): Since B C K we have, for all
hyperplanes H that are parallel to F;,

volg((K*\ P,) N C;).

VOldfl(Kt NHN CZ) < (1 + Ai)d_l VOldfl(FZ).
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By (3.5) we get volg_1(K*NHNC;) < e volg_1(F;). In the second case we have

volg_1(B§ ™) e 1
Maggl)/g@“z(’?)d — pi(m) 418 () du(n)

>1( 2d voly(K) >d1 N volg_1(B3™1) /

= 5¢ \ 5e volg_1 (F}) 320dc™ " voly_o(OBIY)

1 _ a-1
2d VOld ) d—1 1 Ai VOld_l(Bg 1) _ / r;.i71 du
5¢ volg—1( 320dc (Vold_Q(aBg—l))dﬁ A7

=T _
251< 2d vola(K > A volg_1(BY™1)~a ( volg_1 (F})) 7T

1
= e

5¢ volg—1( 320dc

1 d VOld d—1 i
- d 1 VOldfl (Fz)
5¢ \ 20¢ volg_1(BE™Y) 2560dc

d voly(K) ) T )
> — volg((K* \ P,) NCy).
= 5c <2()c voly_1 (B 3560edc OB\ Fa) 01 Ci)
Since BY C K we get

volg_1(BS™* » )
\@1;_2((835”))/;(”(”)(1 = pi(n)*1)8:(n) dpa()

o1 ( d voly(BY) ) T
~ 5¢ \ 20¢ voly_1(BS™h) 2560edc

volg((K*\ P,) N Cy)

> (AT L Lkt Py NGy
= 5¢ \ 20¢ 2560ede ¢ n) i

(105 edc*T 7 1)1 voly((K*\ P,) N C)).

Y

The second case gives a weaker estimate. Therefore we get for both cases

volg((K*\ P,) N Cy)

VO]d_l—(Bg_l) ond=1(ond—1ys
V01d2(8B§l_1)/§(m<n) pi(n)*)0; dp(n).-

Thus we have verified (3.13) and thereby also (3.12). By (3.12) we get

< 10 edc*t a1

n

voly ((Kt\Pn)ﬂ U CZ) < 106 ed202+ﬁ V01d<( U C> P \K))

1=k-+ i=k+1
<108 ed? >t 7T volg((P, \ K)). (3.16)
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If the assertion of the theorem does not hold we have

voly((P, \ K)) < vola(K7\ K)

. 3.17
T 107 ed?c*t T (317)

Thus we get

vold<(Kt \P.)n cyv) < & volg(K'\ K).
i=k+1

Together with (3.7) we obtain
volg(K*\ P,) < $volg(K"\ K) < ${volg(K"\ P,) + volg(P, \ K)}. (3.18)

By (3.17) we have

volg(K'\ K)

107 ed?c> T

1volg(K'\ K) < L volg(K'\ P,) + 2 volg(P, \ K).

IN

volg(P, \ K)

IN

This implies
volg(P, \ K) < volg(K*\ P,).
Together with (3.18) we get now the contradiction

volg(K'\ P,) < %vold(Kt \ Pp). ]
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A Note on the M*-Limiting Convolution Body

ANTONIS TSOLOMITIS

ABSTRACT. We introduce the mixed convolution bodies of two convex sym-
metric bodies. We prove that if the boundary of a body K is smooth enough
then as § tends to 1 the §-M*-convolution body of K with itself tends to
a multiple of the Euclidean ball after proper normalization. On the other
hand we show that the §-M *-convolution body of the n-dimensional cube
is homothetic to the unit ball of £ .

1. Introduction

Throughout this note K and L denote convex symmetric bodies in R™. Our
notation will be the standard notation that can be found, for example, in [2] and
[4]. For 1 < m < n, V;,,(K) denotes the m-th mixed volume of K (i.e., mixing
m copies of K with n —m copies of the Euclidean ball B,, of radius one in R").
Thus if m = n then V,,(K) = vol,(K) and if m = 1 then V;(K) = w(K) the
mean width of K.

For 0 < § < 1 we define the m-th mixed §-convolution body of the convex
symmetric bodies K and L in R":

DEFINITION. The m-th mixed é-convolution body of K and L is defined to be
the set
Cn(0;K,L) = {m eER":V,, (KN(z+ L)) > 5Vm(K)}.

It is a consequence of the Brunn—Minkowski inequality for mixed volumes that
these bodies are convex.
If we write h(u) for the support function of K in the direction u € S"~1, we
have
w(K) =2Mj; = 2/ h(u) dv(u), (1.1)
Sn—l
where v is the Lebesgue measure of R™ restricted on S”~! and normalized so
that v(S™~!) = 1. In this note we study the limiting behavior of Cy(d; K, K)
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(which we will abbreviate with C1(8)) as § tends to 1 and K has a C3 boundary.
For simplicity we will call Cy(d) the §-M*-convolution body of K.
We are looking for suitable o € R so that the limit

lim 701(5)
d—1— (1 — 5)0(

exists (convergence in the Hausdorff distance). In this case we call the limiting
body “the limiting M *-convolution body of K”.

We prove that for a convex symmetric body K in R™ with C’i boundary the
limiting M*-convolution body of K is homothetic to the Euclidean ball. We also
get a sharp estimate (sharp with respect to the dimension n) of the rate of the
convergence of the d-M*-convolution body of K to its limit. By Ci we mean
that the boundary of K is C? and that the principal curvatures of bd(K) at
every point are all positive.

We also show that some smoothness condition on the boundary of K is nec-
essary for this result to be true, by proving that the limiting M*-convolution
body of the n-dimensional cube is homothetic to the unit ball of ¢7.

2. The Case Where the Boundary of K Is a C_% Manifold

THEOREM 2.1. Let K be a convex symmetric body in R™ so that bd(K) is a C%
manifold. Then for all x € S"~! we have

Cn Cn,
<o
My

< O (Min(1 =), (21)

2]l exsr —
1-6

where ¢, = [q 1 |(x, u)| dv(u) ~ 1/y/n and C is a constant independent of the
dimension n. In particular,

Ci(d) _ Mg

B.,.

I
53{1* 1-6 Cn,

Moreover the estimate (2.1) is sharp with respect to the dimension n.

By “sharp” with respect to the dimension n we mean that there are examples (for
instance the n-dimensional Euclidean ball) for which the inequality (2.1) holds
true if “<” is replaced with “>" and the constant C changes by a (universal)
constant factor.

Before we proceed with the proof we will need to collect some standard no-
tation which can be found in [4]. We write p : bd(K) — S™~! for the Gauss
map p(x) = N(z) where N(z) denotes the unit normal vector of bd(K) at
x. W, denotes the Weingarten map, that is, the differential of p at the point
r € bd(K). W1 is the reverse Weingarten map and the eigenvalues of W, and
W1 are respectively the principal curvatures and principal radii of curvatures

u

of the manifold bd(K) at x € bd(K) and u € S"~!. We write |W|| and ||[W 1|
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for the quantities sup,cp,q(x) [[We | and sup,cgn-1 [W,; '], respectively. These
quantities are finite since the manifold bd(K) is assumed to be C3.

For A\ € R and x € S"~! we write K, for the set KN (A\x+ K). py':S"! —
bd(K ) is the reverse Gauss map, that is, the affine hyperplane py ' (u) + [u]* is
tangent to K at py ' (u). The normal cone of K at x is denoted by N(Kj,z)
and similarly for K. The normal cone is a convex set (see [4]). Finally hy will

denote the support function of K.

ProOOF. Without loss of generality we may assume that both the bd(K) and

S~ are equipped with an atlas whose charts are functions which are Lipschitz,

their inverses are Lipschitz and they all have the same Lipschitz constant ¢ > 0.
Let 2 € S"! and A = 1/|||¢, (s); hence Az € bd (C1(d)) and

My, = 0Mp.
We estimate now M, . Let u € S"~'. We need to compare hy(u) and h(u). Set
Yy = bd(K) Nbd(Az + K).

Case 1. py ' (u) ¢ Yy.
In this case it is easy to see that

ha(u) = h(u) = [(Az, u).

Case 2. py ' (u) € Yy.

Let y» = p) ' (u) and y} = y» — Az € bd(K). The set N (Kx,y»)NS™ ! defines
a curve 7 which we assume to be parametrized on [0, 1] with v(0) = N(K,y»)
and (1) = N(K,y)). We use the inverse of the Gauss map p to map the curve
v to a curve 7 on bd(K) by setting ¥ = p~'v. The end points of 7 are y, (label
it with A) and y) (label it with B). Since u € v we conclude that the point
p~1(u) belongs to the curve 4 (label this point by I'). Thus we get

0 < h(u) — hy(u) = |(AT, u)|.

It is not difficult to see that the cosine of the angle of the vectors AT and w is
less than the largest principal curvature of bd(K) at I" times |AT'|, the length of
the vector AI'. Consequently we can write

0 < h(u) = ha(u) < W |ATP.

In addition we have
1 1
AT] < length (315) < length (315) = [ |didlde = [ ldip™
0 0

- 2
< W length(y) < —[W 1 [p(ya) — p(sa)],

where | .| is the standard Euclidean norm. Without loss of generality we can
assume that the points y and y) belong to the same chart at yx. Let ¢ be the
chart mapping R"~! to a neighborhood of y on bd(K) and 1 the chart mapping
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R ! on S*~!. We assume, as we may, that the graph of + is contained in the
range of the chart . It is now clear from the above series of inequalities that

AT < col V| [~ po(t) — v pi(s)],

where ¢ and s are points in R"~! such that ¢(t) = y» and ¢(s) =y} and ¢y > 0
is a universal constant. Now the mean value theorem for curves gives

AT < W H[W [t = s| < CIW MW [yx = v4l = CIW W],
where C' may denote a different constant every time it appears. Thus we have
_ 2
0 < h(u) — ha(u) < CIW (W H[[W]])" A2
Consequently,
/ (h(uw) — (e, ) do(u) + / (h(u) = CX2) dv(u)
Sn=I\pa(Yx) pA(Yar)
< M, = oM, <

/ (h(w) — (A, w)) do(u) + / h(u) dv(u),
Sm=1\px(Yx)

pa(Yx)
where C' now depends on |[W|| and ||[W 1.
Rearranging and using ¢, for the quantity [g,_, [(z,u)|dv(u) and the fact
that A = 1/||z(|¢, 5) we get

Cn

M

2]l exsr —
=}

Cn pr(YA) |z, u)| dv(u) 1 (pa(Ya))
< + ON——""—"=].

MK Cnp Cn

We observe now that for v € py(Y)),|(z,u)| < length(y)/2 < ||[W|A. Using
this in the last inequality and the fact that py(Y)) is a band around an equator
of S"~1 of width at most length(y)/2 we get

Cn Cn 5 Cn (1-10)?

—/ | < Cn\ < —Cn—5——.

M| = Mg My |zll%, 6
1—06

2]l exor —
-3

Our final task is to get rid of the norm that appears on the right side of the
latter inequality. Set
T HJUHcl(&)il—a
cn/Mi;

We have shown that

*

T?|T - 1| < CMKn(l —0)2

Cn

If T > 1 then we can just drop the factor T2 and we are done. If T' < 1 we write
T2|T — 1] as (1— (1 —T))* (1 = T) and we consider the function

flx)=(0—2)%z: (~o0, 1) = R.

3
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This function is strictly increasing thus invertible on its range, that is, f~! is

well defined and increasing in (—oo, ). Consequently, if

) 27
M; , 4
—n(l— < — 2.2
CZEn(1 -0 < o (22)

we conclude that

0<1-T<f! (CMKn(l - 5)2> < CMKn(l —0)2

Cn Cn

The last inequality is true since the derivative of f~! at zero is 1. Observe also

that the convergence is “essentially realized” after (2.2) is satisfied. O

We now proceed to show that some smoothness conditions on the boundary of
K are necessary, by proving that the limiting M *-convolution body of the n-
dimensional cube is homothetic to the unit ball of /7. In fact we show that the
0-M*-convolution body of the cube is already homothetic to the unit ball of £7.

EXAMPLE 2.2. Let P = [-1,1]". Then for 0 < § < 1 we have

C1(0; P, P
Cl(P) = % = n?/? VOlnfl(Sn_l)Bg{z.
Proor. Let x = Z?’Zl x;e; where x; > 0 for all j = 1,2,...,n and e; is the
standard basis of R™. Let A > 0 be such that Az € bd (C1(5)). Then

n
Pﬂ(/\x—f—P):{ye]R":y:Zyiei,—l—i—/\xiSyigl}.

j=1

The vertices of Py = PN (Az + P) are the points 37, a;je; where aj is either 1
or —1+ Az for all j. Without loss of generality we can assume that —1+Az; < 0
for all the indices j. Put signa; = a;/|o;| when o # 0 and sign0 = 0. Fix a
sequence of «;’s so that the point v = Z;—;l aje; is a vertex of Py. Clearly,

N (Py,v) :N<P,
J

(sign aj)ej).

1
If u € S*~1 N N(Py,v) then
ha(u) = h(u) — ‘<Z(aj —signaj)e;, u>‘
j=1

If sign a; = 1 then a; — signa; = 0 otherwise a; — signa; = Ax.
Let A C {1,2,...,n}. Consider the “A-orthant”

Oa={yeR":(y,e;) <0, if j € Aand (y,e;) > 0if j ¢ A}
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Then O4 =N (P, Z;’:l(sign aj)ej) if and only if sign a; = 1 exactly for every
j ¢ A. Thus we get

ha(u) = h(u) — ‘<Z )\;vjej,u> ,

JjEA

for all u € O4 NS™~!. Hence using the facts Mp = M} and A = 1/[|z| ¢, s
we get

1
o =5 Y Y[ fenudw,

P ac{1,2,...n}jeA

which gives the result since

1
/ (ej,u)dv(u) = T / [(e1,u)] dv(u). |
O nSn1 sn-1
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